DSP Integrated Circuits, Chapter 3

3.1
The Fourier transform is given by

00

X(elwT) = z x(nT)e-inwT

n=—o
(@) x(n)=a" for n>0 and = 0 atherwise
X =y x(nMedneT = § aedneT = § (aledom)n
n=—o n=0 n=0

It issum of a serial, the convegence is given by Abel theorem:

[oe]

(i) laTedT| <1, ielal| <1, Z (aTa7®@T)n js convergent
n=0
; 1
J(JJT - -
(ii) laTe 9T > 1, or|aT| > 1, > (aTad@T)" jsnot convergent.
n=0
(iii) |aTe1@T| = 1, the convergence of z (aTad®T)n jsuncertain.
n=0
(b) x(n) =-a" for n<0 and = 0 atherwise.
Y -1 -1
X(ei (oT) — Z x(nT) e—j nwT = Z _anTe—j nwT —= Z (aTe—j (oT)n
n = —oo n = —oo n=—oo
= z (a—Tej ooT)n

n=1
By using Abel theorem, we have

[ee]

(i) laTel®T| < 1, or|aT] > 1, — Z (a~Tel®T)" js convergent. and
n=1
~TeajoT
X(eJ0T) = _are®
1—aTawT
(i) laTe@T| > 1, ielal <1, - z (a~Tel®T)" jsnot convergent.

n=1
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(iii) la~Tel@T| = 1, the convergence of — z (a~Te®T)" jsuncertain.
n=1
3.2
Apply the definition of z-transform to the sequences using Z{u(n)} = Zle

(@) x,(nT)
The period is 6, and the z-transform is

o]

Z{x,(nT)} = z X;(nT)z ™"

n=—o

o]
=5 (0z20-az—1+0z2+az3+0z4%-az>)zo"
n=0
oo oo

=5 azl+az3-az®)z® = (—azl+az®-azd) > z6n

n=0 n=0

_—a(z°-72+2)
2%-1
(b) xo(nT):
The period is 7, and the z-transform is
Z{x,(nT)} = z X,(NT)Z "

n=—owo
()

=5 (0azl + az—'-az?-az3+az*+az®-az%)z "
n=0 .
=(aP+azl-az?-az3+az*+az®-az?) > z/n
n=0

77
z' -1

=a(l+z1-z2-z3+7%+75-7%)

_a(Z/+25-5-A+B+72-71)
z’'-1

(©) x5(nT)

The period is 7, and the z-transform is
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[oe]

Z{x3(nT)} = Z X3(NT)z ™"

n=—oo
[o¢]

= Z (a2l + 0z 1-az2-0z3+az*+0z5-azb)z™M

n=0

o]
a(z’' -2+ 2-71)
z'-1

= (a’—az?+az*-az") > z7/" =
n=0
(d) x4(nT)

The period is 7, and the z-transform is

[ee]

Z{x,(nT)} = Z X,(nT)z "

n=—o
0

= Z (az® + 0z1-az2-az3+0z*+az>-0z"%)z"
n=0
(o]
a(z' —25-74+ 72)
z’-1

(az’—az?2-az3-az?®) Z z/n =
n=0
() x5(nT) :

The period is 7, and the z-transform is

[ee]

Z{xs(nT)} = Z Xs(NT)z ™"

n=—oo
[o¢]

= Z (a2l + 2azl + az2-az3-2az*-az>+0z%6)z "

n=0

=a(l+2z1+72-73-274-75+779) > zn
n=0

_a(Z/+288+5-74-223-72+71)
z’-1

3.3 @ x(n-ng) o~ zM™X(2)
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Z{x(n-ng)} = gx(n—no)rn . gx(n—no)z*“-”o)-“o
= g ><(n—Iﬂo)z_‘-::"“o)z‘no =z ;:(n—no)z—(“—“o) = 77X(2)
(b) a" X(:)'” - thD .
Z{arx(n)} = ; anx(n)z-" = ; xmEd = x&H
© X(n) - X%En_m B
Z{x(-n)} = gx(—n)r“ = g x(m)zM = g x(m)D1D X%E

(@ X - XD
Z{xn)} = 3 XAz = z XAz = z X(n)(z0)F

n= n= n=

= 3 IXnE@"H = X0
n=-o0
(Note: ponsi der acomplex number z= ae'®, where a = |7 and 6 is the argument, (z")"
— (anelne)D_ (a e mG)D_ (ae |9)n (ZE)I'I

(&) Re{x(n)} - 05[X(2) +X{(zD)]
Re{x(n)} = 0,5[X(n) +xH(n)]
Z{Re{x(n)}} = Z 0,5[x(n) + x{(n)]z" = 0,5 Z [X(n)z" + xH(n)z™"]
g ® 0
= OSDZ x(n)z"+ z xE(n)z—“D 0,5[X(2) + X{(zD)]
D

n=-oo
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(f) Im{x(n)} - -05j[X(2) -XHZD)]
Im{x(n)} = —0,5j[x(n) —x{n)], in the same manner as (€), we have
Z{Im{x(n)}} = -05j[X(2) -XHZ].
Alternatively, we can derive it from (e),
sincex(n) = Re{ x(n)} +j Om{ x(n)} , and Z{x(n)} = X(2),
Z{Rex(n)}} = 0.5[X(2)+X*(z*)], with the linear property of z-transform,

Z{Im{x(n)}} = %[Z{ x(n)-Re{x(N)}}] = -0.5[X(2)-X*(z")].

34

00

(8 Theautocorrelation function r(k) = Z x(nN)xHn +k)(k=0).
n=0

Z{r(K)}= Z r(k)z* = Z DZX(n)xE(n+k)%rk—

k=-00 k=0Lh=0
Z EZ x(n)xHn + k)z—kg = z x(n)%'z x(n + k)z—kg
n=0—k=0 =0 -0 0
= 3 x(MZXAA)] = XEXAD)
n=0

[ee]

(b) The convolution y(n) = Z h(k)x(n—=K).
n=0

[ee]

Zymy =y y(nz" = Dzh(k)x(n k)E;

n=-o00 n= 0 =0

I
- Zh(k)EZx(n—k)z—“E
k=0  [h=0 D
= 3 h(KIZ*X(2)] = X(2)H(2)

k=0

3.5 We need to find a closed formulae for T(n), i.e., for the t ime required to
solve a large problem. We will do this by using the z - transform. However, we
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first make the substitution.

in order to obtain a linear difference equation

O a m=20

x(m) = O dem
XmM-1)+S=  m>0
0 b™

where we for the sake of simplicity have selected MinSize = 1. Further, we have
assumed that the size of the subproblems is a power of ¢’", i.e., the subproblems
have sizes: n/cl, n/c?, n/c3, etc. Applying the z-transform yields

X(2) = zX(2) +x(-1)z] +d Z %an—m
m=1

but the initial value, m = 0, yields x(0) = x(-1) + d = a O
Ox(-1)=a-d

[ee]

X(@) = z7X(2) +a-d+d § %gﬂrm

z-1 _ ¢
b
and
+1
bd  cd red" kEEHﬂ
—a _ba  cd rer _
x(m) =a d+b_C — o -2 d+d " 0
b
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m

x(m=a-d+dy %g,m>0

i=0

Thus

T(n) = T(c™) = bm{a—d+d y Egg

i=0

= (a-d)b™+dc" Y E‘gg

i=0

but m = log(n) .Finally, we get
l0g.(n)
T(n) = (a- )M +an 5 2 o

i=0
We have three interesting cases.

Case:b <c

l0g(n)
We get: T(n)DO‘(a b +dn 5 B2 Ebd

i=0

logdn)
PRI b
T(n) OO[(a—d)b ]+ O‘dn Z 0
i=0
log.(n) log(n)
but we have I|m (n) = lim b= = lim b In(b) =
n-wf(N)  n_w N n-w NIn(c)

_ p'99M|n(b)
= lim — —=
n-o N In(c)

= O[b'%{"M] + O(n)

-0
Hence, T(n) 0 O(n) since, b'°9<" grows no faster than n.
Case:b=c

For b=c we have

log(n)

T(n) = (a—d)bM+dn Z 1 = (a=d)n+dn(log.(n) +1)

i=0
and
T(n) O O[(a—d)n+dn(log(n) +1)] = O[nlog,(n)]
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) . n o _
since n“qmoonln(n) =0
Case:b>c
We have
mo Lot
T(n) = (a—d)b™+dn o) (a—d)b™+dc™ e
> o b
i=0 c
+1
o
T(n) O O| (a—d)b™+dc™ 5 = O[b™M]
1—=
C

Finally we get: T(n) O O[b'%9M] = [n'09:(P)]

3.9 A systemiscausd if and only if
X1(n) = xo(n) for n< ny if y;(n) = y,(n) for n<n,
Now, an LS| system is described by the convolution

00

y(n) = % x(nh(n-k)
k= —oo

We must have y;(ng) = y2(ng), =>

y1(No) =¥2(No) = 5 [X1(K) =X5(K)]h(ng—k) = %" [x; (k) =xx(K)]h(np—k)
k=—o k=n,

since X;(k) = X,(k) for k<nj.
Thus, h(ny—k) = 0 for k< n, sinceall termsin the convolution must be zero, i.e.,
h(n) = 0 for n<0. On the other hand, if h(n) = 0 for n< 0, we have

y(ny) = Z x(n)h(ny—k) = Z x(n)h(ny—k)
k= -0 k= —o

=>y(n) isindependent of x(k) for k>ng, i.e., independent of the future input samples.

[ee] [ee] [ee]

36H(@) = Y h(mz"= S (087"~ § (0.6)z"

n=—w n = -—oo n = —oo
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1 B 1 __z _z _
1-08z1 1-06z1! z-08 z-06
_ 0.2z

(z—0.8)(z-0.6)
The geometric series converges for:

10.82711 <1and 10.6 2711 < 1, respectively. We get:

0.2z
(z—0.8)(z-0.6)

H(z) = ,1z1 >0.8

3.7 The step response is obtained by accumulating the impulse response
values:
_ _ _1-(08)"*1 1-(0.6)"+1
— — k_ k = —
sin) = 3 hik) =5 (08)- 75 (0.6) 1-08 1-06
k = —0 k =0 k =0
Note that s(n) - H(1) as n - .

Proof

n [
sn) =y h(k) - ¥ h(k)z* = H(1) for z = 1.
k= —o k = —c0
1 1
1-08 1-06
0.2 02
(1-0.8)(1-0.6) 0.2x0.4

= 0.25 and

In this case we have s(n) -

H(1) = = 0.25

3.8 The passband for the digital filter should be: f. = 25 kHz. Hence, the
next image of the passband starts at: f;q,p. — /- From a filter table, or Delfi,

we find that a third-order Butterworth filter, with 1 dB in the passband, has
an attenuation of 40 dB at
6 f. = 150 kHz, i.e., (fsampte —1)/fc =6 U [fsampie =7 25 =175 kHz

3.10
The different orderings of the two cascade L SI systems are shown below
x(n) Q) y(n)  x(n) f*(n) y(n)
— LS|1 LS|2 = — LS|1 LS|2 —

@) (b)

Assume that the transfer function LSI4 isL4(2) and the transfer function of LSI, is
Lo(2).
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For the system in (@), the z-transform of output y(n) can be calculated by

Y(2) = Lx(9F (9 = Lo(9L1(DX(2);

For the system in (b), the ztransform of output y' (n) can be calculated by

Y' (9 = Li(aF'(2 = Li(9L(DX(2).

Since L1(2)L,(2) = Ly(2)L41(2) according to the communitive law of multiplication,
we can state Y(2) = Y'(2), i.e. the ordering d two cascade LS| systems may be inter-
changed.

3.11

The difference equationis y(n) = by(n - 1) + ax(n). Apply z-transform to bah sides
of the equation we have

Y(2) = bz1Y(2) + aX(2)
which gves the transfer function

Y(2) a
H(2) = = .
D= %@ " 1-b2

12z+1.2 _ 114 102
22-16z+063 z-09 z-07

3.129) H(2) =

_ 114 nn_ 102
= 09 2 997" -%7
By identification we get

Z 0,7"z™"

0 0 n<1
h(n) = O _ _
M14x09"-1-102x0,7"-1  n=21

b) The region d convergence for the two geometric seriesare |z > 0,9 and
|2 > 0,7, respectively. Theregion d convergence for H(z) iswhere bath series
convergences, i.e., |4 >09.
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c) Thepolesarez = 0,9 and z = 0,7 and theonly zeroisz = 1.

Imaginary Part
o

I I I I
-1 -05 0 05 1
Real Part

d) The magnitude is plotted in the following figure

Magnitude (dB)

_60 I l
0

i I 1 i |
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized Angular Frequency (x= rads/sample)

€) The step response (n>0) is

n n n
sn) = 3 h(K) = 114x § 0,0k-1-102x § 0,7k-1
k=1 k=1 k=1
_ 1-09"7 ~0,7"1
- HAX 0090 192" o070

80-114x0,9"+ 34 x 0,

3.13
The difference equation isy(n) = - by(n - 2) + a[x(n) - x(n - 2)]. Using the z-trans-
form and the definition of transfer function, the transfer, the trasnfer function is
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a—az?
1+ bz2

Thetransfer function hastwo zerosin £ 1. The placement of poles are determined by
the value of b.

If b=0,H(2 =a(l- 2‘2), witha =1, we can plot the magnitude and plese responses
for thefilter with Matlab™. the groupddlay is-¥aexcept at the normalized frequency
0 and 1,which meansthat this linea filter has linear phase.

H(z) =

Magnitude Response (dB)

I i i | i
0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized frequency (Nyquist == 1)

300 T !

250 -

o
(=]
T

Phase (degrees)

— — N
(=1
o

o
o
T

o
(=]
T

1 1 1 1
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized frequency (Nyquist == 1)

(=]

Transfer function dot (b=0)

If b<0, the pdes are +./~b, when b>-1, thefilter is gable, witha=1andb = -0.16,
we can plot the magnitude and phese resporses as follow
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Magnitude Response (dB)

_40 i i i i i
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized frequency (Nyquist == 1)

100 T T

~100 I i I 1 i I 1
o] 0.1 02 03 04 05 0.6 0.7 08 09 1

Normalized frequency (Nyquist == 1)
Transfer function dot (-1<b<0).

If b>9, thereare pdesat +j ,/b, when 1>b>0, thefilter is gable, witha=1andb =
0.16,we plot the magnitude and plase as the figure below

o
=
3
o
[}
&
@
o
@
o
2
e
o
[0}
=
_40 : 1 1 1 1 : 1 1 1
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized frequency (Nyguist == 1)

100 . !

Phase (degrees)

Il 1 1 I Il Il
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized frequency (Nyquist == 1)

~100 I i I

Transfer function dot (O<b<1)
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3.14 a)Thefilter isalowpass filter with a cutoff angle of about 60° and a stopband angle
of about 100°.

40
i)
Z
o 0
T
2
Ed0
@
=

-40

-50 L L i L L i L L |

0 01 02 03 04 05 0.6 07 08 09 1
Normalized Angular Frequency {xz rads/sample)
b)
Impulse Response
From: U(1)

£ g, |
E £
<

| 1 | 1
2 4 5} 8 10 12 14 18 18

Time (sec.)
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Step Response

From: U(1)

Amplitude

Time (sec.)

c) Changing the sign of the a- and b-coefficients in the second-order sections corre-
sponds the changing the sign of real part of the poles and zeros. The pole-zero configura-
tion is mirrored in the imaginary axis. Hence, the filter becomes a highpass filter. The

new impulse response is
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hren(N) = hag(N) (=1)"

Impulse Response

From: U{1)
T T T T
ol
)
3 |
2 L.
3 =
= z
T
£ =}
< T oo
2k
4 1 1 1 L I
0 2 4 6 8 10 12 14 16 18
Time (sec.)
Step Response
From: L{1)
T T T
P
()]
o
= | =
oo —
g ZoF
E iz}
<
o [
-3 1 |
0 2 g 8 8 10 12 14 16 18
Time (sec.)

3.15
0

Prove: Since z= €, or w= .ilnz , we change the derivation basis from 9 to —
iT 0z 0w
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0 d 0 daiTmZE 0 1 0 joT 9
—Z-LL) = = — =Je_
Y T % e Td e jTzw . T e

The transfer function can be written as
H(z) = |[H(2)|e®*®@
The phase function istherefore ®(z) = -j[InH(2) - In|H(2)]].

Compute the zad—z InH(z) , we have

d d . Od . d N
—_ = 7— j®P(2)] = —_
deInH(z) zdzln[IH(z)Ie ] ZEE—ZIMH(z)l +szq>(z)g
[l
- DdD—Z|H(Z)| iLoz)n
0 H@I  “dz 0
D UJ

Change the derivation basis,

d _
z-InH(z) = |H(z)|E'ﬂ§|H(Z)| +J|H(Z)|—CD(Z) D
IH(erT)IEi T 6w|H( T)|+—-'-|H(' T)I——tb(eJ T)D
_ 1 S PR I
B ||-|(ejmT)|-|-§H(eJ T)|amq3(eJ 7) Jam“"(eJ T)|E

Since |H(el®T)| and ®(el®T) arereal functions, a‘—?:)|H(ei°’T)| and %d)(ejm)

are therefore real functions, which gives that

O d O UJ 1 - 0 ; .0 : UJ
Rez—InH(2)] = Re ; H(e®T|=d(e®T) —j—|H(e®T
7 IR0 = Rer o M )|aw (897 -G H(E NI

e jwTy| = q) JooT q) ej wT
= rgemTH (e (e &= Tt o).
Compare with the defination of group deI ay, we have

d O d 0 :
= ——— = = — = gwT
Ty(T) awCD(wT) TReEdeInH(z)Efor z = @l

3.16In an electrocardiogram (E.C.G.) measurement, the form of a curve isimportant.
The linearity of phase, which is predicted by group delay, is therefore a mgor inter-
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est. If the group delay isover alimit, the form of curveis deformed which could lead
to wrong judgement.

3.17 We have |H(el®T)|2 = H(el®T)H (el®T) =
_ l—aej(*)Tl—ae—j(OT _ 1_ae—j(AJT_aej(0T+a2 _
© @9T_g glwT_g  1_adwT_geiwT+a2

3.18
Using the notations of signalsin the following figure, the difference equation can be
written as:
e(n) =b(cy(n) +y(n- 1))
w(n) = &(n) +x(n) = b(cy(n) +y(n- 1)) +x(n)
y(n) = aw(n) + w(n-1)
=ab(cy(n) +y(n-1)) + ax(n) + b(cy(n-1) +y(n-2)) + x(n - 1)
=b(acy(n) + (@+c)y(n-1) +y(n-1) +y(n-2) +ax(n) +x(n- 1)

Apply the z-transform to the difference equation, the transfer function is thereby
a+z1
(1—abc)—b(a+c)z1-bz2
—b(a+c) + J/b(ba2 —2abc + bc2 + 4) The
2(—1+ abc) '

sketch of polezero configuration isleft to the reader to exploit the value combina-
tionsof a, b and c.

H(z) =

The zero is -a, and the poles are

N-1 N-1
319Wehave: X(k) = 5 x(mwrk = % X (n)Wnk =
n=0 n=0
N-1 * N-1 *
= {z x(n)\/\/-“k] = ‘Z x(n)W(N—k)“] = X*(N=K).
n=0 n=0

Thus, X(K) = X" (N-K)
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3.22
n M k=0
Show that Wk = -
Ep otherwise
n=0
where W= e2VN
N-1 N-1 N-1
(i) Ifk=0, Z\Nk“: ZWOZ le N .
n=0 n=0 n=0
@i)If k| 0, WK = gi2mk/N £ 1
N-1
me_l_mMV_]:%ngNyN_ 1_€nm
Z T 1_WK 1 _egi2mk/N T _gi2mk/N
n=0
_ 1-1 _
T 1_gi2mk/N 0

With the resultsfor (i) and (ii), we have shown that
N-1

k=0
S0 e
Ep otherwise
n=0
3.23
DFT with transform length N =8
7 3 3

):((k) = Z x(N)Wnk = z x(2n) W2nk + Z x(2n + 1)W(@n+ 1k

n=0 n=0 n=0
3 3

= z x(2n) WZnk + \\k Z x(2n + 1) W2nk
n=0 n=0
fork=0,1..,7

Now, W2k = @inm(2nk)/8 = g—jnm(nk)/4 = \\ynk
where W = e2V4 Hence, the DFT of length 8 can be partitioned into two DFTs
of length 4,the cmputation can now be partitioned by

x(k) = DFT{x(zn)} + WKDFT{x(zn + 1)}

= DFT{ Xgen(N')} + WKDFT{ X yqs(N’')}
wheren' =0, 1, 2, 3,and Xg,en() = X(21').
Xodas () = x(2n' + 1).
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3.24
Since it requires multiplications before additions, it uses decimations-in-time FFT.
From the algorithm description in Box 3.3, we can identify the twiddle factor in fig-
ure 3.22:

P X3 000 chu,n,n)

G \ }:&‘V\/‘W"DN X0.0.0) TS
< >N A

x0,1.0) \\/;J D (0,10 010

IRV CE A =
7020 R R P-4

X(1,0,0) T i J1,0,0)

s NN e

1,0, /WW = ’ 100
; ! _

R(110) RW%\/M LOLD N, miim

Xa(l,1.1)

Ail1.15

Fig 3.22
The minus signs in the SFG mean the substraction in butterfly operations

The constant in the Box should be
N =8 M=3, Nyinus 1 =7 now.3

At stage 1:
Ng = 4,
Table 1:
. complex
g | k | block_index | p constant
110 0 0 W0y
21 0 0 WO8
3|2 0 0 WO8
413 0 0 WO8
At stage 2: Ng= 2,
. complex
g | k | block _index | p constant
170 0 0 WO8
21 0 0 W08
114 1 2 WZ8
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. complex
g | k | block index | p constant
5 il 21T W3
At stage 3:
Ng =1,
. complex
g | k | block index | p constant
1[0 0 01 w9
12 1 2 W28
114 2 1 W18
16 3 3 W38

3.26 Let X(n) = A+jB Thus, we have obtained the IFFT except of the factor 1N . How-
ever, this factor will, in practice, be included inside the butterflies in order to achieve a safe

scaling of the signals. and W™k = Wi, +jW, . According to the suggested algorithm we
start by computing the DFT of X (k). Hence, we compute the DFT where we have inter-

changed the real and imaginary parts of discrete Fourier transform, X(K)
N-1 N-1

XMWk = S (A+]B)(Wg+ W) =
2

n=0 n=0
N-1
= Z (BWR+]BW, + AW -AW,) =
n=0
N-1
= Z [(BWr—AW,)) +j(BW, + AWR)] =
n=0
Now, we interchange the real and imaginary parts of the DFT
N-1
n=0
N-1
= > (A+]B)(Wg=iW) =
n=0

= 3 (A+BWK = 5 XMW = x(K)

n=0 n=10
Thus, we have obtained the IFFT except of the factor /N . However, this factor will, in prac-
tice, be included inside the butterflies in order to achieve a safe scaling of the signals.
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An alternative method is as follows.

*

N-1 N-1
X(K) = X 3 X(n)wk = %{ 3 (X(n)v\rnk)*]

n=0 n=0

*

N-1
- %{ 3 X*(n)VV”k] = ZIDFT{X (M}’

n=0

This alternative method to compute the IFFT by using two complex conjugate operations is
more expensive than the method discussed above, since it involves two changes of the sign
of the imaginary parts.

3.27 We form a new, complex-valued sequence from the two real-valued
sequences.

Z(n) = x(n) +j y(n)

N-1 N-1
TheDFT is Z(k) = z z(n)Wnk = z z(n)e2mk/N |
n=0 n=0
Now, we compute the complex conjugate of the rotated Z(k) values
N-1
Z*(N—k) = Z [x(n) _jy(n)]eZT[n(N—k)/N
n=20

where
e2T[n(N—k)/N = e2T[ne—2T[nk/N = e—2T[nk/N_

N-1
Hence, we get Z (N—k) = Z [x(n) —jy(n)]e2mMk/N
n=20
Adding these two expressions we get:
N-1 N-1
Z()+Z (N-K) = [x(n) +jy(m)]e?™N+ 5 [x(n) -jy(n)]e2mi/N

n=0 n=0
N-1

— Z ZX(n)e—ZT[nk/N
n=0
Hence, Z(k) + Z*(N-k) = 2X(k) and X(k) = 0.5[Z(k) + Z*(N-k)]
Similarly, subtracting the two expressions we get
Y(k) = -0.5 j[Z(k) — Z*(N-F)]

Hence, the DFTSs of two real-valued sequences can be computed simultaneously
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without any significant additional cost. The inverse DFT can be computed in
the same way.

N-1

3.29 X(K) = /Ni_l 3 ckx(n)cosg%E k=01 ., N-1

n=0

for k=0ork=N-1
where ¢, = .

for k=12 .. N=-2

[
TGRS

We can write the DCT in matrix form: X(k) = | NL_1CX( n).

The rows of C is referred to as the basis vectors. Desirable properties for the
DCT are:

1. The same expression for the DCT transform and the inverse transform.
Hence, only one algorithm need to be implemented.

2. The application requires the DC component do not leak into other fre
quency components. This is due to the high DC content in images. We can
view the DCT as a set of FIR filters. Hence, the filers must have a zero at z =
1, except for the first lowpass filter.

3. The basis vectors should be symmetric or antisymmetric. This simplifies
and reduces the hardware implementation.

4. The transform should be orthogonal in order to efficiently decorrelate the
images.

All of this properties cannot be satisfied simultaneously. We therefore relaxes
the orthogonality requirement slightly. The matrix C is
L L L 1 L

ra]—

I
2
=

= = = 2
i[; n anm 4r an BT
cos(l) cosf=)  cosi—=) cos(—) I [ | cos(—) CV [ | .|
T Ar G Bl |0 ok
. ik 118 34 ol ) £
cos(ll]  cosE=—  cogj=— COs(=—— CIOE [ | COS(m— | G | I
! 7 7 i 7 7
o . e 1 | on 2% 5T 187
cos(l cosi= ) LL:'.‘:['T_I Cos| 7 ) cos| 7 | cos— | cos| 7 | |
' 4w 8T 127 an 207 247
cos(ll)  cosf—) cosi—=) cos(—=—) cosi—=—) cos(=— ) cos5) I
ST [0 |57 2im 25m Alm
cosill)  cos(—  cos( == cosf——) cos——) Cos— cost—=—) -1
i &I 2n &n 247 Adn 6T
cos{ll)  cosfE=— cnsrTW COE m:;r"'ﬂ I COR——  COE—— |
7 i 7 i 7 f
| | | —| | | | |
2 2 2 2 2 2 ) 2
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After simplification, we have:

I
=
=

ba]—

l
-
=
2

[ I

5 = 3 3 3

- F= e bt s

il - a1

T s AT An I i1

| cos=| cosl=— C r.uﬁ[T i W Ll - u:us-["'T j —cos(=) -|
2N 41 [N (I 4T 2m

| cos=)  cos—=) cost=) cos(—) cosi—=) cos=-) I

| 3T L on on 61 3n |

cosf = | [t - | Coa( 7 | —is[ = | -wm? | —Cos - | -

4m arm . 2n 1 Ar T

| ""‘7'5':-.-_.] -:-:n:'{?—J COsf = ) cos—) I.ZL?.":I.T—I CI."I:'{T—J |
ST L0 Sm A5m im 5T

| --L‘L"SI_TIIJ CD:‘{TI'I cost=——) —eos{=—=) —cos/—) cosi—] -l
AT 12m &7 187 12n I

I —cos(—) cos(—=—) cos(—=—) —cos{=—) —cosf=—) —cos(T) |

Lo ! =) ! - I g

2 ) 2 2 2 2 2 32

3.30 PAL:N=(720-576-8 +2-360-576 -8) - %Q = 166 Mbit/s

NTSC: N = (720 - 480 - 8 + 2 - 360 - 480 - 8) - 5%9—4 _ 166 Mbit/s

3.32 The sample frequency is 44.1 kHz. The resolution is given by the reciprocal
of the FFT length. The length is

1024
L = 1024Tsamp|e = m

3
We get Af = & = 241X10% _ 450717

3.33 a) DCT-1 -~ SDCT
DCT-II -« EDCT

DCT-III' (Transposed) « DCT-II
DCT-I1V is a shifted version of the SDCT

b) The relations derived i a) gives the kernel K for the inverse transforms.

IDCT-I - Kper i = Kperr
IDCT-II - Kper-i' = Kperom
IDCT-III - Kperent = Kper-n

IDCT-1IV o Kperiv' = Kpererv



