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W
ave digital filter theory is based on a scattering param

eter form
alism

 

T
he one-port netw

ork can be described by the incident
and reflected w

aves instead of voltages and currents.

T
he steady-state voltage w

aves are defined as

w
here 

 

A

 

 is the 

 

incident w
ave

 

, 

 

B

 

 is the 

 

reflected w
ave

 

, and 

 

R

 

 is a positive
real constant, called port resistance. 

A
 one-port can be described by the 

 

reflectance function

 

, defined as N
etw

ork
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E
xam

ple

 

D
eterm

ine the reflectance for an im
pedance 

 

Z

 

.

T
he voltage w

aves are

and the im
pedance is described by: 

 

V

 

 =
 

 

Z
 I

 

. W
e get

R
eflectance is an allpass function for a pure reactance.
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It is not possible to directly use reference filters w
ith lum

ped circuit ele-
m

ents, since nonsequentially com
putable algorithm

s are obtained. 

Instead certain classes of transm
ission line filters m

ust be used. 

Fortunately, som
e of these filter structures can be m

apped to classical fil-
ter structures w

ith lum
ped circuit elem

ents and w
e can m

ake full use of
the abundant know

ledge of lum
ped elem

ent filters. 
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A
 special case of filter netw

orks w
ith distributed circuit elem

ents is 

 

com
-

m
ensurate-length

 

 transm
ission line filters in w

hich all lines have a com
-

m
on electrical propagation tim

e. 

A
 

 

lossless transm
ission

 

 line can be described as a tw
o-port by the chain

m
atrix

w
here 

 

Z

 

0

 

 is the characteristic im
pedance and 

 

t

 

/2 is the propagation tim
e

in each direction. 

 

Z

 

0

 

 is a real positive constant, (

 

Z

 

0

 

 =
  R  ), for lossless transm

ission lines and
is therefore som

etim
es called the characteristic resistance, w

hile lossless
transm

ission lines are often referred to as 

 

unit elem
ents

 

. 
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O
bviously, a transm

ission line cannot be described by poles and zeros
since the elem

ents in the chain m
atrix are not rational functions in 

 

s

 

. 

 W
ave digital filters im

itate reference filters built out of resistors and loss-
less transm

ission lines by m
eans of incident and reflected voltage w

aves. 

C
om

putable digital filter algorithm
s can be obtained if the reference filter

is designed using only such transm
ission lines. 

W
ave digital filter design involves synthesis of such reference filters.

C
om

m
ensurate-length transm

ission line filters constitute a special case of
distributed elem

ent netw
orks that can easily be designed by m

apping them
to a lum

ped elem
ent structure. 
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T
his m

apping involves 

 

R
ichards’ variable

 

 w
hich is defined as

w
here 

 

Y

 

 =
 

 

Â

 

 +
 

 

j

 

W

 

. R
ichards’ variable is a dim

ensionless com
plex vari-

able. 

T
he real frequencies in the 

 

s

 

- and 

 

Y

 

-dom
ains are related by

N
otice the sim

ilarity betw
een the bilinear transform

ation and R
ichards’

variable. Substituting R
ichards’ variable into the chain m

atrix yields

Y
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T
he chain m

atrix above has elem
ent values that are rational functions in

R
ichards’ variable, except for the square-root factor. 

Fortunately, this factor can be handled separately during the synthesis.
T

he synthesis procedures (program
s) used for lum

ped elem
ent design can

therefore be used w
ith sm

all m
odifications in the synthesis of com

m
ensu-

rate-length transm
ission line filters. 

T
he transm

ission line filters of interest are, w
ith a few

 exceptions, built
using only one-ports. 
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T
he input im

pedance of the transm
ission

line, w
ith characteristic im

pedance 
Z

0 ,
loaded w

ith an im
pedance Z

2  is

T
he input im

pedance of a lossless transm
ission line w

ith characteristic
im

pedance Z
0  =

 R
 that is term

inated by an im
pedance Z

2  is

Z
2  =

 R
 (m

atched term
ination) 

Z
2  =

 •
 (open-ended) 

Z
2  =

 0 (short-circuited) 
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W
ave-F

lo
w

 B
u

ild
in

g
 B

lo
cks

T
he input im

pedance to an open-circuited unit elem
ent (a Y

-dom
ain

capacitor) w
ith Z

0  =
 R

 is

W
e get the reflectance

and

T
he input im

pedance to a short-circuited unit elem
ent (a Y

-dom
ain induc-

tor) w
ith Z

0  =
 R

 is

Z
in

Y(
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RY ----
=

S
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S
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T
he reflectance is

 and

T
he reflectance for a unit elem

ent term
i-

nated at the far end by a resistor w
ith Z

0  =
R

 (m
atched) is

H
ence, an input signal to such a unit elem

ent
is not reflected. T

he corresponding w
ave-

flow
 equivalent is a w

ave sink. 
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T
he corresponding w

ave-flow
 graphs to a short-circuit an open-circuit are

 Interconnection N
etw

orks

In order to interconnect different w
ave-flow

 graphs, it is necessary to obey
K

irchhoff’s law
s at the interconnection. G

enerally, at a point of connec-
tion, the incident w

aves are partially transm
itted and reflected. T

ransm
is-

sion and reflection at the connection point are described by a w
ave-flow

graph called an adaptor. 
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Sym
m

etric T
w

o-P
ort A

daptor 

T
he sym

bol for the sym
m

etric tw
o-port adaptor that

corresponds to a connection of tw
o ports. 

T
he incident and reflected w

aves for the tw
o-port are 

 and 

A
t the interconnection w

e have, according to K
irchhoff’s current and volt-

age law
s

B
y elim

inating voltages and currents w
e get the follow

ing relation
betw

een incident and reflected w
aves for the sym

m
etric tw

o-port adaptor

a

A
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R
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B
1

A
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R
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B
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T
he adaptor coefficient a

 is usually w
ritten on the side corresponding to

port 1. A
s can be seen, the w

ave-flow
 graph is alm

ost sym
m

etric. 

N
ote that a

 =
 0 for R

1  =
 R

2 . T
he adaptor degenerates into a direct connec-

tion of the tw
o ports and the incident w

aves are not reflected at the point
of interconnection. 

For R
2  =

 0 w
e get a

 =
 1 and the incident w

ave at port 1 is reflected and
m

ultiplied by –1 w
hile for R

2  =
 •

 w
e get a

 =
 –1 and the incident w

ave at
port 1 is reflected w

ithout a change of sign.
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C
om

m
ensurate-length transm

ission line filter

Y
-dom

ain filterw
ith distributed elem

ents

L
um

ped elem
ent filter

W
ave digital filter


