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 |Introduction

* The Binary Adder

« Single-bit Adder Design

* N-bit Adder Design
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A Generic Digital Processor

INPUT-OUTPUT

MEMORY
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Building Blocks

 Arithmetic unit

— Bit-siliced datapath (adder, multiplier, shifter, comparator,
etc.)

« Memory
— RAM, ROM, Buffer, Shift registers

e Control

— Finite state machine (PLA, random logic), Counters

 |nterconnect

— Switches, Arbiters, Bus
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Bit-sliced Design

Control

\

Bit 3
Bit 2

Bit 1 E:>

Bit 0

C>

Data-In
Register
Adder
Shifter
Multiplexer

Data-Out

Tile identical processing elements
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Bit-sliced Datapath

From register files / Cache / Bypass

| T 1
= N = Multiplexers _~"~_ Ll
i Shifter : : :
: Adder stage 1 : : :
| iri T
| | & o Wiring - i ——
: g s Adder stage 2 3 : : :
mE ! S T 1
| g & w (I
| o Z Wiring = 1
R S
: EIEE
3 Adder stage 3 :%:%:%
) D=
: Sum Select : : :
L

To register files / Cache
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Half Adder

TABLE 11.1 Truth table for half adder

y 2 s S

A B 0 0 0 0

0 1 0 1

Gmt‘é‘ﬁ 1 0 0 1
s 1 1 1 0

S=A®B A -l :‘:
Cout = A B B — Cﬂm

LINKOPING
II." UNIVERSITY



TSTE 86/Deyu Tu

Full Adder

A B
.
s

2019-10-02

A| B | C | 8 C, ﬁzﬁ

0 0 0 0 0 delete

0 0 1 1 0 delete

0 1 0 1 0 propagate
0 1 1 0 1 propagate
1 0 0 1 0 propagate
1 0 1 0 1 propagate
1 1 0 0 1 generate
1 1 1 1 1 generate
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The Binary Adder

A B
v

Cin—. Full |~
adder Cout

Sum

S =A®B @Ci
— ABC;+ABC; + ABC; + ABC
CO = AB+BCi+ACi
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Express S and C, as a function of G, D, P

Three new variables which ONLY depend on A, B
Generate (G) = AB

Delete (D) =A B

Propagate (P)=A © B CO(G, P) = G+ PCI:

S(G,P) = P®C,

Can also derive expressions for S and C, based on D and P
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Full Adder Design |

S=A®B&®C
C = MAJ(A,B,C)

out

ll.l.l e Complementary static CMQOS, 32 Transistors
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Full Adder Design |l

7 b —d[ -
A= « T
| . |
L |
¢ - e s
B — -c
A e e | Voo = L +
1 T A B—|_Ci—||: A
= +- |:
; o < - -8B
S=ABC+(A4+B+C)C,, =
1 r—

houaes, Complementary static CMOS, 28 Transistors




TSTE 86/Deyu Tu

Full Adder Design I
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Full Adder Design IV

JFo o o -
}r—rcjl—m ol |-o

]

p=d p=
[

vz Complementary Pass-Transistor Logic, 32 T
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Full Adder Design V

S_h <I: }_T’IE c{> S |

U, Dual-rail Domino
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Full Adder Design VI

Generate (G) = AB
Propagate (P)=A © B
Delete= A B Voo

A4q| B4

"0"-Propagate A _
c. 'R a = Co
-l -

A-l Generate
N A

-
5

}
.

Tl
&

Y
T L
1 1 1oos
T T T
™~ o] -
|

"1"-Propagate

—

T | =
||}:|—r_:|—r__| oy =
O }
g
o -
| | |
= » 0| A
|

ll.ll N, Mirror Adder, 24 Transistors




TSTE 86/Deyu Tu 2019-10-02

Inversion Property

4 B 4
C; —JilliEiill . c, = c, FA c,
S TS

S(4,B,C;) = S(E,E,C_'I.)

Cﬂ(A,B, C‘i) = CH(A,B, Ci)
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Carry Propagate Adders

 N-bit Adder

N.1 N1
,{-« fl( Cuut ’Cin : fcout sCin
c V V. 000d" @j‘l 110" carries
o\ + [ i 1111 i Y O
l_ +0000 +0000 B, ,
S;N 1 i b | 0000 S,
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The Ripple-Carry Adder

A, B A, B A, B, A; Bs
R . R .
— FA ———>| FA ——| FA ——| FA [—

y y Y f

So Sy S, S3

Worst case delay linear with the number of bits
t, = O(N)

1:adder = (N'1 )t + 1

carry sum

Goal: Make the fastest possible carry path circuit

19
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Minimize Critical Path

Even Cell Odd Cell

;-13 B3

Exploit Inversion Property
(2 different cells needed)

20
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Carry Generation and Propagation

By As Bs A B, A B, Gy
N Guﬂ Py
| Gaq i Gop 1 G :1 Goo
l
Py gy
+T 3 2 1 0
i | i i
Cout Sfi 83 82 S‘l

Mo

[ %)

: Bitwise PG Logic

: Group PG Logic

: Sum Logic

21
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Manchester Carry Chain

P"_T_d;o' iR 1 P2 ] 1 Ea 1 _
Cio Goo—] G, G,—} G
' | | |
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Stick Diagram of Manchester Carry Chain

Propagate/Generate Row

DD
P, G, ¢ Pivi |Gisg ] O
61 C Ci_”
GND

Inverter/Sum Row
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Sizing Manchester Carry Chain

Discharge Transistor

N 1 \
= 069 C-[ 5 R-}
p N I = 1)
i=1 “g=l
25 400
20 300
e
2 15 S 200
) <
10} 100
5 5 20 25 390 H 5 z}f{u Z5 30
k
Speed (normalized by 0.69R(C) Area (in minimum size devices)
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Carry-Bypass/Skip Adder

« Carry-ripple is slow through all N stages

« Carry-bypass allow carry to skip over groups of n-bits

A16213 B‘I 6:13

P16.“|3
1)
Cout ‘ ‘l\u'{
0 +

816?13

Ai29 Bizg Ags Bg:s Agq By
P‘IE:Q PB:E: ‘ IT 1::‘-51:1
Cg| 1 Cs| 1
V \ Vv \/ -G,
+ 0 - F 0 + 3
S12:0 Sg:5 Sa:1
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Carry-Bypass Adder

Py G Py, & P, G, P; Gy
¥y ¥ vy ¥ , 2R | 2R
Cio Coo Coa Co,2 Coa
P, G, B, G
l I BP=P OP] P3 P3
{‘i,ﬂ ('-0:."
— FA ol FA e

Co.3

Multiplexer

Idea: If (PO and P1 and P2 and P3 =1)
then Co3 = Cq, else “kill” or “generate”.

26
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Carry-Bypass Adder

2019-10-02

Bit12-15

Setup

1

Carry

» Propagation

Bit 0-3 Bit 4-7 Bit 8-11
Setup Setup Setup
Carry Carry Carry i
Cio P Pmpagaiiar_b —P Prupngnﬁuu_* —> Pl‘upagatim_.'
g g g
Sum Sum Sum

N bits, M bits per block

fadder = fsetu;:r + Mfcany + (N/ M-1 )tbypass ¥ (M'1 )t-::arrj,-f FE

AV

Sum

SUm
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Carry Ripple vs. Carry Bypass

P

ripple adder

/SS ﬂddel'

4..8 N

28
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Carry-Select Adder

« Anticipate both possible values of the carry input
« Select the correct values when the carry input arrives

A1B.“13 B‘IIIESZ13 A12:Q B12:Q AB:E- 58:5 A-'lﬁ B41:1

o

/

B O S “
=AY A A Y M e
o TEd ey
i

S16:13 Sio9 S,
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Carry-Select Adder

2019-10-02

Setup

P.G

"0" Carry Propagation

"1" Carry Propagation

l‘lt]'” '
Hl "
CD._k—l —_—,

Multiplexer

l Carry Vector

Sum Generation

30
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[ ]
Carry-Select Adder: Critical Path
Bit 0-3 Bit 4-7 Bit 8-11 Bit12-15
Setup Setup Setup Setup
— "0" Carry "0" Carry "0" Carry "a" Carry
ngn b v ”ﬂ? W T n?b v lfﬂ?“ v
— "1" Carry "1" Carry "1" Caxry "1" Carry
Tlllr.' lllT.' ”].TP tllTF
o Mulriplexer > Multiplexer > Multiplexer > Multiplexer |—
Cio Co.3 Co,7 Coa1 | I Co1s

1|8

Sum GeneratimI

So.3

4

Sum GeufratioT

54-—

|8

Sum Generatimt

Sg.11

Sum GeneratioT

S1215
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Linear Carry Select

1107

an

(6)

Bit 4-7

Setup

[

v

HO " Carry

4L

"1" Carry

N

Bit 0-3
Setup
| o
"()Tp "0" Carry
@ 1
w i "1" Carry
(5)@(5)@
——  Multiplexer
Ciyp lL
Sum Generation

A4

Multiplexer

(]

Sum Generation

2019-10-02
Bit 8-11 Bit 12-15
Setup Setup
"075 "0" Carry "07> "0" Carry
— "1" Carry N "1" Carry
”" 1" "1 "
oL, 451
(7) @)
»  Multiplexer »  Multiplexer |—»
L L0
Sum Generation Sum Generation

32

So-3 S4a Sg-11 S1245 (10)
add ~ r,s'e.‘fup * [% Learry + MU, 0l cum
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vvo_vv

Bit 0-1

Setup

QL (1)

N "o" Carry

1) iL

"1" Carry

3) lL(3) iL

Multiplexen

<

Sum GeneratiTn

So-1
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Square Root Carry Select
Bit 2-4 Bit 5-8 Bit 9-13 Bit 14-19
Setup Setup Setup
. "0" Carry " "0" Carry " "0" Carry
B e o i 2 a
n g "1" Carry o g "1" Carry n "1" Carry
(4) ©®) (0) (1)
(4) iL JL (5) JL JL (6) JL iL (7) QL JL
»  Multiplexer > Multiplexer Multiplexer Mux
< < < 4L
Sum Generati0+ Sum Generation Sum Generation Sum
$2-4 Ss-3 S9.13 St4-19 (9)
Lada = tsetup w2 tmnyJ’ 2N e s
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Comparison of Adder Delay

50 ' | ' | ' |

40 Ripple adder _|
’(-/)\ B .
S
o 30 _
©
< Linear select
c 20

10

Square root select
0 . I . I . I
0 20 40 60
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Carry-Lookahead Adder

« Compute G for many bit in parallel

Ai613 Biga

Cout - ——1G1613
" P1e:13
i 1

1\1II If I
\_T_/L

8‘16213

Ai2.9 Bqag

¢ Gi2:0
1P12:9
i
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Concept of Lookahead

Ao, By A4, By AN-1, Bn-1
| | |

\

So Sy SN-1
Cok = 1AL B Co k1) = G F PG x4
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Topology of Lookahead

Expanding Lookahead equations:

Cox = Gkt Pr(Gy 1P 1C k2)

All the way:

Cox = Gk TP(Gx 1 7Py 1(... #P1(Go PG 9)))
Cio
Po
P4
P2
P3

<
o}
O

af

2019-10-02

v_lm [+
T © 1°) o

1[4

L]

|||-<»J LoJ
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Logarithmic Lookahead Adder

BEOEOEOEOEOROrDay

A, A, A; Ay As A Aq
A ) ]
Ay E_
NI
¢ —F

VNN —>
As L

' ||
A6 _ ~
“ oy e t,~ 10g2(N)
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Carry Lookahead Trees

Co0 = Go T PoGi o
Co1 = G tP1GytPPC g

Q)

= (G 7 PyGy) +(PyP1)(Go + PG 9) = Goy TPy Gy 0

Can continue building the tree hierarchically.
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Tree Adder

Sl

S

vi

S

€l

S

Nrm ‘

L

ol

s O
s O
s O
s
s
s
s
s

Nmo

block-P and

Dot operator,
block-G

~N

J
Pr-Gi

\
R\
RN
NN
LB
RN
NN
LN
AN
NN
N

2
1 1

2l

\H\

vmo
omo

L\

AT AN

o o 0o 0o o 0o o o o o o oo o o o

(*'a
("'a
(*'g
(“'a
('a

(!

°g*

(g

(‘g

Ca*
(g
(g
(*g ¢

g-

(°g-

.m_‘<v

')
“ly)
“'v)
')
“y)
V)
V)
V)
V)
V)
V)

v)

v)

“v)

V)

16-bit radix-2 Kogge-Stone tree
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Tree Adder

mvm ‘

14 \
S \

Nmo
vmo
cmo

%)
.__\l

Dot operator,
block-P and

block-G

s

~

O
=

AN

\\\

DNNN

58/ NN
RN
8| IR
58 NN
) NN
IR
DAY
DAL AR
BONI IR
BANARY

AR

AR

Am_‘ﬂ .m_‘ﬂ.w
Ava n.v—:@
Am_‘D nm_‘m

AN_‘Q .N_‘.G

16-bit radix-4 Kogge-Stone Tree
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Sparse Trees

o~ © < )
o - o~ - - - -
0 0] n 0

OOJOJOJOJ OJOJO

/./.

(]

o] o] o] o] o] o] o] o] o] o] B N - - - -
" - - - - - - - - Qo o o Qo o o
o - N [} <t n © N~ [ o - - - - -
© @® @© @© @® © @© @® © @© ° - & ) < )

N N N N - ~— - ~— A - - had - - - -

© @© @ © @ @
~— o ~— ~— - ~—

16-bit radix-2 sparse tree with sparseness of 2
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Brent-Kung Tree

S
S
S
S
S
S
S
S7
S
S

S

S11
S12
S13
S 4
S15

AV

o

~

N
AN

N

VAN
)\

AN

\\\\\
N

(Ag: By)
(A4 By)
(A B))
(A3 By)
(A By
(As: Bs)
(Ag: Be)
(A B,)
(Ag: By)
(Ag: By)

(A10: B1o)
(A41: B4q)
(A1 Byo)
(A3 By3)
(Asp Bya)
(A4s: Bys)
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Carry-Save Adder

X3y3Z3 XoVoZy X1V1Z1 XgYoZo XYZ
b b
FA FA FA FA - CSA
I T R I A ‘o
Cq S3 C S) © 81 ¢ Sy C S
x: 1 0 0 1 1
y: 1 1 0 0 1 No carry
. * ¢ 1 0 1 1 used here
5: 0 0 0 0 1
ec: + 1 1 0 1 1 }EX!‘!‘E adder
sum: 1 1 0 1 1 1
W g | suUm
y — CSA +
g i C 3
overflow

2019-10-02

To be compared with
2 std cascaded adders

Z
X s sSUm
—_— > EE—
+ -
;
¥ overflow
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80.0 ¥ = Y
stati mirror
/' manchester
60.0 bypass
— 'E
g 400} / E
= / select w
_‘Hﬂ. F <<
0.0 1‘0 - 2‘0
N

<
=

£
h

0.0

2019-10-02

select

" manchest

0

10

N

20

Design as a Trade-Off: Area — speed — power
requirements should be verified in early design phases
to choose the right structure
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