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Exercise

1. Basic CMOS building blocks
a) Assume that  is connected to ground. Determine the gain and the
dominating pole of the circuit.

The gain, poles and zeros can be determined from the equivalent small
signal scheme, ESSS, shown in Figure 1.1.

Using nodal analysis in nodes  and  results in the following
equations

(1.1)

(1.2)

Solving for  in Eq. (1.2) gives the transfer function of the circuit
according to

Student’s Instructions

The CMOS transistor operation regions, small signal parameters, and noise characteris-
tics are found on the last page of this test.

Generally, do not just answer yes or no on a short question. You always have to answer
with figures, formulas, etc., otherwise no or fewer points will be given.

Basically, there are few numerical answers to be given in this test.

You may write down your answers in Swedish or English.

This exam covers nearly the whole course except the filter chapters. Our advise to you is
to start by reading through the exam and then begin to solve the exercises that you are
familiar with.

Vb3

gm2(Vin-Vx)
gmbs2(-Vx)

gds1

gds3+gm3+gmsb3

gds2 CL

Vout

Vx

Figure 1.1 ESSS for the amplifier

Vx Vout

gm2 Vin Vx–( ) gmbs2 Vx–( ) Vout Vx–( )gds2 Vout gds1 sCL+( )+ + + 0=

gm2 Vin Vx–( ) gmbs2– Vx Vout Vx–( )gds2 Vx gds3 gm3 gmsb3+ +( )–+ 0=

Vx
2 (15)
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(1.3)

Insert Eq. (1.3) into Eq. (1.1) gives the transfer function.

We can identify the gain, poles, and zero since .

b) Derive the expression for the possible input and output swing for the
circuit shown Figure 1.1. Use relevant design parameters such as W, L ,...

The minimum and maximum input signal to ensure that all transistors
work in saturation region is

The minimum voltage drop between drain and source is defined as

Solving for  in the square-law relationship between the input voltage
and the drain current of a CMOS transistor gives

and

Insertion of the expressions for  and  gives

Vx

gm2Vin gds2Vout+

gm2 gmbs2 gds2 gm3 gds3 gmsb3+ + + + +
-------------------------------------------------------------------------------------------------=

Vout

Vin
----------

gm2 gm3 gmsb3 gds3+ +( )
gds1 gds2 sCL+ +( ) gm3 gmsb3 gds3+ +( ) gds1 sCL+( ) gm2 gmbs2 gds2+ +( )+

-----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------–=

CL Cgs4»

A0

gm2 gm3 gmsb3 gds3+ +( )
gds1 gds2+( ) gm3 ggds3+( ) gds1 gm2 gmbs2 gds2+ +( )+

-----------------------------------------------------------------------------------------------------------------------------------– ≈=

1
gds1 gds2+( )

gm2
-------------------------------

gds1

gm3 gmsb3 gds3+ +
--------------------------------------------- 1

gmbs2

gm2
-------------+ 

 +

----------------------------------------------------------------------------------------------------------------–≈

p1

gds1

CL
----------

gds2 gm3 gmsb3 gds3+ +( )
CL gm3 gmsb3 gds3 gm2 gmbs2 gds2+ + + + +( )
-------------------------------------------------------------------------------------------------------------+ ≈≈

gds1

CL
----------

gds2 gmsb3 gm3+( )
CL gm3 gmsb3 gm2 gmbs2+ + +( )
----------------------------------------------------------------------------+

Vin min, Vgs3 Vgs2+=

Vin max, VDD Vsd1– Vds2 Vgs2+–=

Vdsmin Vgs VT– Veff= =

Veff

Vgs VT–
I D

α
----- Veff= =

Vgs

I D

α
----- VT+=

Vgs Vds
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The output swing is given by

The common-mode range and output range is then

c) Which node has the largest parasitic capacitance? Find an expression for
that capacitance.

The largest parasitic capacitance is situated in the node between the
sources of transistor M2 and M3.

2. Operational transconductor amplifiers
a)Draw the small signal scheme for the amplifier. Do not forget the most
important parasitics.

The small signal scheme will look like the one shown in Figure 2.1.
 and .

Vin min,
I D

K ′p

W3

2L3
---------

------------------ VT3

I D

K ′n
W2

2L2
---------

------------------ VT2+ + +=

Vin max, VDD

I D

K ′p

W1

2L1
---------

------------------– VT2+=

Vout min, Vsg3 Vds2+
I D

α3
------ VT3

I D

α2
------+ += =

Vout max, VDD Vsd1– VDD

I D

α1
------–= =

CMR Vin min, Vin max,,{ }=

OR Vout min, Vout max,,{ }=

Cp Csg3 Csb3 Csd3 Csb2+ + +=

Cp1 Cgs3 Cgs4+≈ C1 Cgs6≈
4 (15)
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b) Derive the gain, poles, and zeros of the amplifier. Motivate all the
approximations you are doing.

The first approximation come from the fact that is much smaller than
 and  since the output node is often connected to many other stages

and thereby is it large. The  is often even larger than  and
. Furthermore, the output resistance of transistor M5 is

assumed to be very large which means that the disappears at the same
time as  can be considered small signal ground. The ESSS of the
differential gain stage is simplified to the one shown in Figure 2.2.

Nodal analysis in node  and  gives

(2.1)

(2.2)

Solving for  in Eq. (2.1) and inserting it in Eq. (2.2) give the transfer
function from the input to the output.

Vinp Vinn

Cgs1 Cgs2

Cp1

gds1

gds3
gds4

gds2

gds5

gm1(Vx-Vinp) gm2(Vx-Vinn)

gm3Vy

Vy

Vx

V1
C1

Cc

CL

gds7

gds6
gm6(V1)

Figure 2.1 Small signal schematic with parasitics.

Cp1
Cc CL

Cc CL
W6 W3» W4=

gds5
Vx

gds1

gds3
gds4

gds2gm1(-Vinp)

gm2(-Vinn)

gm3Vy

Vy

V1
C1

Figure 2.2 Simplified ESSS for the differential gain stage.

Vy V1

gm1Vinp Vy gds1 gds3+( )+ 0=

gm2Vinn V1 gds2 gds4 sCL+ +( ) gm3Vy+ + 0=

Vy
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The approximation step comes from the fact the together
with the matching between the transistors M1-M2 and M3-M4.
The differential gain stage can be simplified to the first part of Figure 2.3

where

The second part of the ESSS comes from the common source gain stage at
the output of the OTA.

Use nodal analysis to the left and right of the compensation capacitor gives
the following equations.

(2.3)

(2.4)

The transfer function can be found by combining Eq. (2.3) and Eq. (2.4).

(2.5)

We can now determine the DC-gain, poles, and zeros directly from the
transfer function.

V1
1

gds2 gds4+
-------------------------- gm1

g
m4

gm3 gds3 gds1+ +
-----------------------------------------Vinp gm2Vinn– 

  ≈=

gm2

gds2 gds4+
-------------------------- Vinp Vinn–( )

gm3 gds1 gds3+»

gI

gmIIV1

gmIVin

CC

CL

V1 Vout

gIIC1

Figure 2.3 Simplified ESSS for the two stage amplifier

gmI gm2=

gI gds2 gds4+=

gmII gm6=

gII gds6 gds7+=

gmI Vinp Vinn–( ) V1 gI sCI+( ) sCc V1 Vout–( )+ + 0=
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---------------------------

gmI gmII sCc–( )

gI gII s gI CL Cc+( ) gII CI Cc+( ) CcgmII+ +( ) s
2
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---------------------------------------------------------------------------------------------------------------------------------------------=
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c) Determine two ways to increase the unity-gain frequency of the amplifier.
What will happen to the phase margin, common-mode range, and the DC
voltage at node x?

The unity-gain frequency of the amplifier with separated poles is

There are three different ways to increase the unity-gain frequency.
1) Increase .
This will only increase the unity-gain not the second pole or the zero and
thereby the phase margin will decrease, since the unity-gain frequency will
be closer to the second pole.
The common-mode range is

(2.6)

Increasing  will increase  and thereby the common-mode range
will increase.
If we start by looking at the drain current expression for a saturated
transistor:

(2.7)

Furthermore, we know that will constant while will increase at
the same time as and will be constant. This results in a decreased

 voltage.
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gI gII
-------------------=
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wu Aop1

gmI

Cc
--------

2µnCox

W2

L2
------- I D2

Cc
----------------------------------------≈= =
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2) Increase the current through transistor M2, .
This increment will not change the phase margin of the amplifier, since the
unity-gain frequency will increase as fast as both the second pole as the
zero.
The common-mode range will decrease and the voltage at node x will
increase since  will be constant and  will increase.
3) Decrease
The phase margin will decrease since p2 will lay still while will increase.
The common-mode range and  will be constant.

3. Noise
a) Derive the total thermal output noise power of the circuit. All parasitics
are much smaller than . Assume that the resistor is not noisy.

The ESSS is shown in Figure 3.1.

We have to calculate the transfer function from the drain of transistor M1
to the output, H1, from transistor M2 to the output, H2, from transistor M3
to the output, H3.
Consider a current source at in parallel with transistor M1 this will give a
transfer function from that current source to the output according to

(3.1)

the pole is located in

(3.2)

Continuing with the transfer function from the noise current source of
transistor M2 to the output.

(3.3)

The transfer function from M3 to the output is given by

I D2

Vg2 Vd2
Cc

z1
Vx

CL

Id1
2gm1Vin

gds1

gds2

Id2
2

-gm2Vx

Id3
2

C1

CL

gm3+gds3

R

Vx

IR
2

Figure 3.1 The ESSS of the noisy circuit.

H1 1
gds1 gds2 sCL+ +
------------------------------------------–=

p1

gds1 gds2+

CL
--------------------------≈

H2 H1=
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(3.4)

The spectral density of the output can be calculated as

(3.5)

where

(3.6)

The noise power at the output can now be calculated according to

(3.7)

If we do not like to perform the integration we can use the concept of noise
bandwidth (see chapter 4 in Johns&Martin). The integral of a one pole
system (or a system with well separated poles) is equivalent to the integral
of a rectangle with the width of the dominant pole divided by four.

(3.8)

b) Describe two ways to decrease the thermal output noise power of the
circuit by changing relevant design parameter. What will happen to the
gain and the unity-gain frequency?

1) Increase the load capacitor. This will decrease the unity-gain frequency
of the amplifier but the gain will not change.

2) Decrease the resistance R. This will increase the current through
transistor M3 and thereby through all transistors.
The output noise voltage is approximately proportional to the inverse of the
square root of the current through transistor M1.  is assumed.
Increasing the current will decrease the gain of the circuit but increase the
unity-gain frequency.

3) Decrease the size of M1. Decreases the gain and the unity-gain.

4) Decrease the size of both M2 and M3 => approximately constant current.
No change will happen to neither the gain nor the unity-gain frequency.
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2

1
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-------------------------------------------
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---------+ +
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 
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 
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c) Add a large capacitor in parallel with the resistor. Furthermore
assume that . What will happen to the output noise power?

The ESSS is the same as in Figure 3.1.
The transfer function H1 and H2 will not be affected but H3 will be changed.

(3.9)

The dominating pole of H3 is approximately

(3.10)

Using the same way to calculate the output noise as in 3a) gives

4. Switched capacitor circuits
a) Derive the transfer function from  to .

The circuit with parasitics is shown in Figure 4.1

 is the input voltage of the amplifier. The transfer function can be
derived by using charge analysis.

C1 CL»
1 R⁄ gout»

H3

gm2

gds1 gds2 sCL+ +
------------------------------------------ 1

1
R
--- gm3 gds3 sC1+ + +
---------------------------------------------------=

p

1
R
--- gm3 gds3+ +

C1
-----------------------------------=

Vout
2 1

3
--- 2kT

gds2 gds1+
-------------------------- 1

CL
------ gm1 gm2+( )

gm2
2

gds2 gds1+
-------------------------- 1

1
R
--- gm3 gds3+ +
-----------------------------------

gm3

C1
---------+

 
 
 
 

=

V1 V2

V1
V2

C1

C2

C3

Cpa

Cpb

Cpd

Cpe

Cpc

Figure 4.1 The SC circuit with parasitic capacitances

Vn
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t:

(4.1)

(4.2)

(4.3)

t+ :

(4.4)

(4.5)

(4.6)

t+ :

(4.7)

(4.8)

(4.9)

Charge redistribution

(4.10)

(4.11)

We also know that where and is the positive and
negative input node of the OTA respectively.

(4.12)

Eq. (4.10) gives that

(4.13)

Solving this equation gives

(4.14)

Inserting all necessary equations in Eq. (4.11) gives the following transfer
function:

(4.15)

q1 t( ) C1 V1 t( ) Vn t( )–( )=

q2 t( ) C2 V2 t( ) Vn t( )–( )=

q3 t( ) C3 Vn– t( )( )=

τ

q1 t τ+( ) C1V2 t τ+( )=

q2 t τ+( ) q2 t( )=

q3 t τ+( ) C3 V2 t τ+( ) Vn t τ+( )–( )=

2τ

q1 t 2τ+( ) C1 V1 t 2τ+( ) Vn t 2τ+( )–( )=

q2 t 2τ+( ) C2 V2 t 2τ+( ) Vn t 2τ+( )–( )=

q3 t 2τ+( ) C3Vn t 2τ+( )–=

q2 t( ) q3 t( )+ q2 t τ+( ) q3 t τ+( )+=

q1 t 2τ+( ) q2 t 2τ+( ) q3 t 2τ+( )+ + q1 t τ+( ) q2 t τ+( ) q3 t τ+( )+ +=

V2 A Vp Vn–( )= Vp Vn

Vn

V2

A
------–=

C3Vn t( )– C3 V2 t τ+( ) Vn t τ+( )–( )=

V2 t τ+( )
V2 t( )
A 1+( )

------------------=

V2 z( )
C1

C2
1
A
--- C1 C2 C3+ +( )+

-------------------------------------------------------
zV1 z( )

z 1–

C1

A 1+
-------------

C2 A 1+( ) C1 C3+ +
---------------------------------------------------+

---------------------------------------------------------------------–=
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b) Is the circuit insensitive to parasitics?
Yes it is insensitive to parasitics.
Parasitics:

 is connected to an ideal voltage source is will not affect the transfer
function.

is connected between ground and virtual ground or ground and ground
so it will not affect the transfer function.

is connected between ground and virtual ground so it will not affect the
transfer function

is either connected to the output of the OTA or it will not be connected
so it will not affect the transfer function.

 is connected to the output of the OTA and thereby not change the
transfer function.
c) Find the settling time constants, i.e. the speed of the circuit, for both clock
phases. Neglect the influence of the switches.

The settling time constant is the same as the inverse of the
frequency. From the feedback theory we know that

(4.16)

where  is the feedback factor.
For clock phase 1 ( , , ...)

(4.17)

For clock phase 2 ( , , ...)

(4.18)

 is probably much smaller than  and thereby is the circuit slower in
clock phase 1 than in clock phase 2.

5. A mixture of questions
a) Sketch the output signal of the circuit as a function of the input signal,
when the input signal ramps from ground to . Determine the operation
region of the transistor in the diagram.

Cpa

Cpb

Cpc

Cpd

Cpe

w 3dB–

w 3dB– βwu=

β
t t 2τ+

β1

1
C1 C3 Cpb Cpc+ + +
---------------------------------------------------

1
C2
------ 1

C1 C3 Cpb Cpc+ + +
---------------------------------------------------+

----------------------------------------------------------------
C2

C2 C1 C3 Cpb Cpc+ + + +
----------------------------------------------------------------= =

t τ+ t 3τ+

β2

1
Cpc
---------

1
C3
------ 1

Cpc
---------+

----------------------
C3

C3 Cpc+
----------------------= =

β1 β2

VDD
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For large input voltages, , is the transistor in the cut-off region
and no current will flow through the circuit. The output voltage of the
circuit will then be very close to zero volt.
For small input voltages, , will the transistor work in the linear
region. The maximum output voltage of the circuit is when
approximately equal to zero, then the output voltage is equal to

For some signal in between and ground the transistor will be in
the saturation region. When does the transistor change from operating in
the linear region to the saturation region? It is exactly when

. The input voltage that fulfills the equation
 is called

We know that

(5.1)

(5.2)

(5.3)

Insert Eq. (5.2) and Eq. (5.3) into Eq. (5.1)

(5.4)

Solving the above equations gives  and the .

b) Determine the output resistance of the circuit.

The output impedance is determined by

(5.5)

Vin VDD≈

Vin 0≈
Vin

VDD

RL

RL RS+
-------------------

VDD VT–

Vsd Vsg VT–=
Vsd Vsg VT–= Vx

I D α Vsg VT–( )2
=

Vsd VDD RL RS+( )I D–=

Vout RLI D=

I D α VDD RL RS+( )I D–( )2
=

I D …= Vx …=

VDD/2

Vout

Vin

VDD-VT

Vx

Figure 5.1 Output voltage as a function of input voltage

Vout

I out
----------

I in 0=
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Using nodal analysis in the ESSS shown in Figure 5.2 we get the following
equations

(5.6)

(5.7)

(5.8)

Solve for  as a function of .

c) Derive the minimal input and output voltages of the current mirror

(5.9)

(5.10)

d) Explain the difference between an operational amplifier, OP, and an
operational transconductance amplifier, OTA. Draw a macro model of both
amplifiers.

An OP works as a voltage controlled voltage source. It has very high input
impedance and low output impedance.

gm1(Vx) gds1

Vout

gm3(Vin-Vx) gds3

gds2+gm2

Vx

Vin
Iin

Iout

gmbs3(-Vx)

Figure 5.2 ESSS for the current mirror

I out gm3 Vin Vx–( ) Vout Vx–( )gds3 gmbs3Vx–+=

I out Vx gm2 gds2+( )=

gm1Vx Vingds1+ 0=

Vout I out

Rout

gm2 gds2+( )gds1 gm3 gm1 gds1+( ) gds1 gmbs3 gds3+( )+ +

gds3 gm2 gds2+( )gds1
------------------------------------------------------------------------------------------------------------------------------------------ ≈=

1
gds3
----------

1
gm2
---------

gmbs3

gds3
------------- 1+ 

  gm3gm1

gm2gds1gds3
-----------------------------+ +

Vin min, Vgs2 Vgs3+
I out

α2
--------

I out

α3
-------- VT2 VT3+ + += =

Vout min, Vgs2 Vds3+
I out

α2
--------

I out

α3
-------- VT2+ += =
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An OTA is a voltage controlled current source. It has very high input
impedance and high output impedance.

AVin

Rout

Vin Vout

Figure 5.3 A OP macro model

gmVin RoutVin Vout

Figure 5.4 A OP macro model
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