6.1 a) 1.Collapse nodes with trans-

mittancies +1. x(n) Ug y(n)
—& >E >
2. Introduce node numbers Q O l
according to the figure below. Us U
V. \%
3. Remove all delay elements o by T bs T 3
4. Initial nodes : vy, vg, U3, Ug, X Uz Us
Executable operations: by, bo, b T |V by T| Vs
b3, by _2<]_|
New nodes: uq, uqg, us, ug us Ug

Executable operations: +, +
New nodes: ug, uy

Executable operations: +
New nodes: Uy

Executable operations. +
New nodes: y

5. Complete the computation graph by adding the branches from the signal-flow
graph. Note that the delay elment v3(n) does not correspond to physical memory.
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b) The system of difference equa- T )
®

tions 1s |
Vi 7‘@_}

-.\

uq :=byv(n)
Ug = b2 Uz(n)
Us 1= b3 v3(n)
ug:=byvy(n)
Ug :=Uq+ Uy

U7 = Us+ Ug
Uy :=us+x(n)
y(n)i=uy +uq
vo(n+1) :=v(n)
v4(n+1) :=v3(n)
vl(n+1) =Uy
vg(n+l) :=y(n)
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An intermediate node (u;) can
be eliminated if it appears
only in one place on the right
hand side. Thus, we can, for
example, eliminate u;. We get

{"f—\ﬁh

Uy :=brvi(n) + byvy(n) + x(n)
y(n) := uy + bgvg(n)+ by vy(n)
vo(n+1) :=vq(n)

vy(n+1) :=vg(n)

vi(n+l) 1= uy

v3(n+1) :==y(n)

c)

6.2 The critical path in the filter is two cascade adaptors. Derive the SFG in precedence
form with adaptors as basic operators, i.e., processing elements.
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Finally, we obtain the difference equations in computational order for the filter.

Ny

Nl -> N2
adaptor
Oy

Ny

N2 -> N3
adaptor
Og

N2 -> N3
adaptor
Qo

NZ -=> N3
adaptor
o

V15(n) = u2(n—1)
V16(n) = U21(n—1)

do( n) = Vi5(n) —Vign)
fa(n) = aglte(n)

u4(n) = V15(n) + fz(n)
u5(n) = Vlﬁ(n) + fz(n)
V14(n) = uO(n—l)
V17(n) = UG(TL—]_)
Vls(n) = U22(n—1)
Vlg(n) = ulo(n—l)
Vzo(n) = u23(n—1)

do(n) =x(n) —Viun)
fo(n) = aglHy(n)

dq(n) =x(n) —usn)
fi(n) = a;td;(n)

dy(n) =Viy(n) -Vign)
f4(n) = G4I:d4(n)



6.4

6.6

a)

N2 -> N3

adaptor dG( n) = Vlg(n) —Vzo(n)

Qo fa(n) = agltg(n)

N3 upn) =x(n) + fo(n)
ul(n) = V14(n) + fo(n)
ug(n) = x(n-1) + f1(n)
ug(n) = us(n-1) + f1(n)
u8(n) = V17(n—1) + f4(n)
U9(n) = V]_S(n—l) + f4(n)
ulz(n) = Vlg(n—].) + fe(n)
u13(n) = Vzo(n—].) + fe(n)
u21(n) = —].EV4

N3 -> N4

adaptor ds(n) =u;(n)—ug(n)

ag f3(n) = agls(n)

N3 -> N5

adaptor ds(n) =us(n)—uqy3(n)

Os f1(n) = a5Hs(n)

Ny
ug(n) =uq(n) + f3(n)
u7(n) = ug(n) + f3(n)
u19(n) = ug(n-1) + f5(n)
ull(n) = u13(n—1) + f5(n)
uzz(n) = —1D,L8
UQ3(TL) = —1D1,12

Ng yo(n) =uq7(n) —uq1(n)

y(n) = (1/2) Byy(n)

Using z-transform, the transfer function is

—_7—(M+1)
+Z—M=12_—

HE) =Zhn)y=1+2"1+ .. =
which gives Y(z) = H(z)X(z) =

or
Y(z) = 27 1Y(2) + X(z) — 2= M+VX(2)

Apply the inverse z-transform, the corresponding difference equation is

y(n) =yn -1) + x(n)— x(n—-M-1)

The high level language realization is left to the reader. The imporatant sequences
inside the loop are

{read in input x(n)}

{read in old input x(n—M-1) and y(n-1)}
{compute y(n

{overwrite the x(n—M-1) with x(n)}
{update y(n—1) with y(n)}

The sets of nodes are

N1:{1,3,5,7, 8}, Ny: {2, 6}, and N3: {4}



6.7

The precedence graph for the multiplications has to sets. In the first set belongs

Nll {al, a2, (13, (14, bl’ bz, b3}
and in the second set

NZ: {C]_, 02}.

The multiplier c; shall precede ay and b; while cg shall precede as, a4, by, and bg.

b) The set of difference equations in computable order is

Ug :=ag v1(n) + by vg(n)
ug:=agv1(n) + agvs(n) + by vy(n) + bgvg(n)
y(1m) = vy(n) :=ay v1(n) + cq ug + ca ug

vg(n) := vq(n-1)
v7(n) = Ug
Ug(n) =Ug

vs(n) :=v1(n) where v1(n) = x(n).

c)

The figure below shows the internal structure
of an allpass section and the node numbering
where i = 1, 3, and 5. The basic operations are
additions and multiplications.

An analysis of the precedence relations
yields the difference equations shown in Table.
Seven time slots are required for the arith-
metic operations.

Vir1(n) v (n) X(i

0(1 |0(5| |

Nodes Equations

[
Bireciprocal WDF allpass section.

Ny uyp :=—xn) +ven)

ugy :=—von) + vyn)
N3 Uyg = 01Uy
Ugg =03 U3y
N4 Uis :=—(u12 +x(n))
U4 ‘= U9 + Ug(n)
Ugg = — (u32 + Uo(n))

Ugy ‘= U39 + v4(n)

y1(n)

Y, (N)



Di

6.10 The structure has a delay-free loop. Hence, the algorithm is not sequentially computable
and it does not exist a computational order for the difference equations.

6.11 a) Propagate a dealy element between the two sections as shown below and make the

Ugy :=—Upq + vg(n)

Usg = U5 U]

usg = — (usg + u14)
Ugy ‘= Usg + v6(n)

y1(n) :=ugy + upy
Yo(n) := ugg— Usy

vo(n+1) :
v1(n+1):
vy(n+1):
v3(n+l):
vg(n+1) :=v5(n)
vs(n+1) := ugg

vo(n+1) :=x(n)

vy(n)

U1s
vg(n)

U3s

subsequent simplification.

The precedence form is shown below. The required number of time slots have been
reduced by one.

ference equations in computable order.
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6.12 The Cooley-Tukey’s butterfly is shown to the right. A
complex multiplication can be written in terms of real
multiplications

(a +j b)c +jd)=(ac—bd) + jlad + bc) WP
Propaﬁation of the 26 shimming delays gives the
result shown below. 50 D-elements are required. -

re

x]re

[26 ] im

re
re

261 im




6.15 a)

b)

c)

d)

6.18 The magnitude function is not effected, but the group delay is increased with a factor T

The critical loop in cascade form with direct form
I or II first- and second-order sections is

Tmin = Troute + Tadd

If the poles are located on the ima%inary axis (cor-
responding to the bireciprocal WDF).

Tmin = (Tmult + Tadd)/2

The critical loop in parallel form is the same as
for the cascade form.

— 14— - [€—]

+

The critical loop in the lattice wave digital filter is between two adaptors

Tmin = 2(Tmult +2 Tadd)

In bireciprocal lattice wave digital filtersT,,,;,, = T,,ui: + 2 Thaa

The critical loop is also through two adaptors if the delay elements are places alter-
natingly in the upper and lower branches. Hence, direct form I and II are generally

somewhat faster structures than lattice filters.

for every level of pipeline that is introduced.

6.23 a)
b)

6.24 a)
b)

6.29 a)

The original transfer function is H(z) = 1/(1 — b z1). Add two poles and zeros at z = b

e¥23 We get

H2)=(1+bz1+b22)/(1-033) =2 +bz+b2)/z>-b3)

The original transfer function is H(z) = 1/(1 — by 21 — by 22

There are two complex conjugate poles atz =re
=r 99923 gnd at z = r 999273 We get

Hz) =1 +by 2+ (012 +bg)z 2= bibg 23 + b2 21 — (13 + bybg)z 2 — by 276) =

+/0

We add two poles and zeros at z

= (28 4+ b1 20+ (b2 + bo)zt —b1by 23 + b2 2225 — (b1 + b1bo)z® — by3)

The maximal sample frequency is determined by
the critical loop.

Tsample min = (2 tmult +2 tadd)/2 = (2 -2+ 2- 1)/2 =3

b) We havex =d + c¢(b +a 22 x)

This expression can be rewritten by using the distrib-
utive rule

x=d+cb+caz2x

This does, however, not change the critical loop, as
shown in the figure. If we now use the associative rule,
the expression can be rewritten

S

_>



x=(ca)z2x+(d+ch)

The cirtical loop has now only two operations.
We have

Tsample min = (tmult + tadd)/2 =(2+2)2=2

Note that the number of operations has
changed and the length of the other computa-

tional paths that are not part of the critical loop
has also changed.




