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Student’s Instructions

The CMOS transistor operation regions, small signal parameters, and noise characteris-
tics are found on the last page of this test.

Generally, do not just answer yes or no to a short question. You always have to answer
with figures, formulas, etc., otherwise no or fewer points will be given.

Basically, there are few numerical answers to be given in this test.

You may write down your answers in Swedish or English.

Solutions

1. Large-signal analysis
The circuit in the figure is to be used in an analog circuits.

a) Derive the voltage V, as a function of the output voltage, but not as a
function of the input voltage. Hint: | 5, = | ..

The current through the resistors are
lr;1 = V,/Ry (1.1)
Ir2 = (Voo =Voud/Re (1.2)

where the voltage V, is the voltage at the source of the transistor. These
current should be equal which results in the expression for the output
voltage as

v—ilv \% 1.3
x = Rz( pp ~ Vout) (1.3)

b) Derive the output voltage as a function of the input voltage when the
transistor is saturated.

The currents through the transistors are given by Eq. (1.1) and Eq. (1.2). In
the saturation region the current through the transistor is given by (when
the bulk effect and channel-length modulation is neglected)

Iy = a(Vgs—V1)? = a(Vj, =V, = Vq)?
= a(Va—V,)? (1.4)

where V, is the voltage at the source of the transistor and V, = V;,—V.
All the currents should be equal and we can for example use the Eq. (1.1),
Eq. (1.3), and Eq. (1.4) to solve the voltage at node V, . This voltage can than
be converted to the output voltage by utilizing Eq. (1.3). First setting the
right-hand side of Eq. (1.1) equal to the right-hand side of Eq. (1.4) gives
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Solving for V, in this equation gives after some manipulations

1 1
= +
Vi=Vatmm far: [1+4V ,aR, (1.6)

The positive solution is not correct since we know that the transistor is
saturated, i.e., V;, -V, >V U V, = V,,—V: >V, . Hence, the V,
voltage is

_ 11
Vi = Vat SR IR, [T+ 4V ,aR, (1.7)

The output voltage can be expressed as

R; R; 1 0
Vout = VDD—EV = Voo~ =L+ 20(R1 SR, [T+ &V ,aR 5

¢) Derive the output voltage as a function of the input voltage when the
transistor is operating in the linear region.

The currents through the devices are given by

gy = Vi/Ry (1.8)

IR2 = (VDD_Vout)/RZ (1.9)
Vs

ID,Iinear = B[(VGS V1)Vps— > :| (1.10)

We know that the currents should be equal. This results in

(Vout - Vx) 2:|

(VDD _Vout)/RZ = B|:(Vin _Vx_VT)(Vout_Vx) - 2

where
R
V, = El(VDD_Vout) (1.11)
2

which results in

Vb = Vout R Rin R
~ R, = = B[B{/in_ﬁz(vDD_Vout)_VT%/out "'QZE_QZVDDE}_

%/ RlD R, UZ
out

R [] R VDD|:]
2

(1.12)

d) Determine the input voltage, VIn , for which the transistor switches from
operating in the saturation region to the linear region.
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The voltage at node V, equals
Rl

Further, in order for the transistor to operate just between the saturation
and the linear region we know that
VDS = VGS_VT O Vout_VX = Vin _VX_VT O Vout = Vin _VT = VA

Further, the current through the transistor in saturation and through the
resistors are given by

lay = V./Ry (1.15)

VDD_Vout VDD_VA
I = = 1.16
R2 R2 R2 ( )

Combining Eq. (1.13), Eq. (1.14), and Eq. (1.16) gives

VDD_Vout - (XE'L/ + RlD Rl D2

R, [ out ﬁzg_ ﬁZVDDD (1.17)

This equation can be reformulated to

R? Rifu 1 o, ffurf Vbb
V2 v + 2ty = [y V2 =
out RZD out RZERZ DD C(R2D D DD

2. Small-signal analysis
The transistor in the circuit shown in the figure is biased in the saturation
region. Neglect the influence of all internal parasitics in the transistor.
a) Draw the small-signal model for the circuit. Do not neglect the bulk
effect.

The small-signal model of the amplifier is shown in Figure 2.1

EmVin=V,) mbs(0=V,)
OO

Vx _CL Vout

Ry —— Crm

Figure 2.1 The small-signal model of the source-degenerated common-source amplifi-
er.

b) Derive the transfer function of the circuit, i.e., H(S) = V ,(S)/V,,(9).
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Using nodal analysis of the circuit in the nodes V, and V, , gives the
equations

Vx(Gl + SCRl) + (Vx _Vout)gds_ gm(vin _Vx) - gmbs(_vx) =0
(Vout_ Vx)gds+ gm(vin _Vx) + gmbs(_vx) + Vout(GZ + SCL) =0
From the first equation we can solve for V, . This results in

V. = gdsvout+ ngin (2.1)

X G1+gds"'gm-"gmbs""r’\’CRl

Inserting this into the second equations gives

JasVout T ImV
Voutl9gst G +5C) + 9 Vi = (9gs + I + gmbS)G 119y S+ ogu +gmblr-]|'SCRl -0
s’ Im " Imbs

This can be simplified to
Vout(gds(Gl + SCF%.) + (GZ + SCL)(Gl + gds+ gm + gmbs+ SCRl)) + Vingm(Gl + SCRl) =0

Hence, the transfer function is given by

Vout _ gm(Gl + SCRl)
Vin gds(Gl+SCR1) + (GZ+SCL)(Gl+gds+gm+gmbs+SCR1)
G, +s
_ Im(Gy +5Cry) 2.2)
a+ bs+ c2
where
= G104s* G2(G1 * s+ Im + Impd
b = Cri(9yst G2) + CL(Gy +dys* Im * Imbs

¢) Derive approximate expressions for the DC gain, first pole, second pole,
zeros, and the output resistance as a function of, e.g., the small-signal
parameters, resistances, and capacitances. Assume that C;, » Cg; and
Gy, G2»

The DC gain is

Vout _ gmGlz gmGlz Im 2.4)
V. '

A, =
0 in <= a GG, G

The poles are well separated since C; » Cg; and G; =G, . Hence, the
approximate formula

ED: s, s
%1 EI%H 1+ 1+p1p2 (2.5)

is a good approximation of the location of the poles. This results in the fact
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that the first pole is located at

G19d5+ GZ(Gl+gdS+ gm+gmb5) - G—2(2.6)

~a_
P17h Cri(94st G2) +C (G +9ys+ Im + Impy  CL

while the second pole is

p,= 9 — CRl(gds+ GZ) + CL(Gl * O04st Im +gmbs) ~ G_Z + & ~ &
> c CCri CL Crt Cry
The zero is expressed as
Gl
zZ = — (2.7
CRl

Note that the second pole and the first zero is not located on top of each
other, but they are close to each other.

To compute the output resistance we need to setup the problem once again.
This time the input voltage is zero while we apply a voltage source at the
output of the gain stage. We like to compute the current that this voltage
source delivers to the circuit in order to obtain the output resistance. We
reformulate the nodal analysis equations from assignment b.

Vxel + (Vx _Vout)gds_ gm(_vx) - gmb4_vx) =0
(Vout_vx)gds+ gm(_vx) + gmbs(_vx) + VoutGZ = Iout
Solving for V, from the first equation yields

V
Vx — gds out (2.8)
G1 + gds+ gm + gmbs

Inserting it into the second equation and solving for V ,; results in

gdsvout —
Vout(gds+ GZ) - Gl + Qg5 O + gmbs(gds"' On * gmbs) - Iout
Vout Gl+ gds+gm+gmbs

_ =1 2.9)
Iout gdsGl + Gz(Gl + gds + gm + gmbs) C':‘2 .
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3. Macro blocks
In an analog circuit, the building block shown in Figure 3.1 is found. The
OP amp is assumed to be ideal except that it has finite DC gain, A;, and a
nonzero output resistance, R, ;.

a) Derive the transfer function from the input to the output of the circuit,
H(s) = Vyul9)/Vin(9) .

Figure 3.1 A Miller integrator. a) Amplifier description, b) Macro model description.

The transfer function can be computed by nodal analysis in the nodes V,

and V.
VinmVx (v —V)sC, = 0
R +( out™ x)S 1~ 3.1)
1
V,-V
(Vx_vout)scl-l'M =0 (3.2)
Rout
Further,
Vy = —AgVy (3.3)
Combining Eq. (3.2) and Eq. (3.3) results in
Vx(scl_AOGout) = Vout(SC1+Gout) (3.4)
— Vout(scl + Gout) (8.5)

X (Scl - AOGOU'[)

Inserting it into Eq. (3.1) gives the transfer function.
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sC, + Gy
V. G, = -V_ B5C, + (G, +sC,)——out Dl (3.6)
in~1 out% 1 1 1 AOGout_SC1D
Vout _ (AOGout_scl)Gl

Vin ) (Gl + SCl)(Gout + Scl) + SC1(AOG‘out_SCl) -
(AgGou—sCy)Gy _
(G1Gout + SCi(Goui(1 + Ag) + Gy))

G, —sC,/A,)G
- ( out 1 0) 1 (3.7)

G;1Gout 1 GlD

b) Derive the transfer function, H(S) = V,(5)/V,,(S), for the circuit
when the DC gain is infinite and the output resistance is nonzero.

In the case where A is infinite we can either use Eq. (3.7) or compute the
transfer function from the schematic in Figure 3.1. In this case we derive
the result from Eq. (3.7). This results in
VOUt
\%

G, .G
_ out?1 _ 1 (3.8)
in SC1Gout SRlcl

0 > @

which is a regular inverting integrator. Hence, a large gain of the amplifier
decreases the influence of the output resistance.

c¢) Derive the transfer function, H(s) = V,(9)/V,,(S), of the circuit when
the output resistance is zero and the DC gain is finite.

Here we can also derive the transfer function directly from the model in
Figure 3.1, but in this case we use the formula in Eq. (3.7).

Vout _ (Gour G/ Ag)Gy _
Vin Ryui - 0 %0‘““+5C1%1+A105b0ut+i—;EG B
_ (1-sC,/ A/ G, )Gy _ G, _
moelabaed, o RTeRA
= 1 (3.9

1 10
KO + SClRlEJI‘]I‘ + KOD

This is an integrator which has a pole at low frequencies due to the finite
gain of the amplifier.

4. Switched-capacitor circuit analysis
A switched capacitor circuit in clock phase 1, 1i.e., time t, t + 2T, t + 41, is
shown in the figure. The value of V, changes only at time t, t + 27, t + 41,
and so on, i.e., V() = V4 (t+71).

a) Express the output voltage, V (2, for clock phase 1 of the switched
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capacitor circuit shown in the figure. Assume that the OTA is ideal.

Starting by assigning positive charge at the left plate of capacitor C; and
to the right of capacitor C, and C;. The next step is to express the charge
at the capacitors.

At time ¢

dy(t) = 0, qx(t) = CVq,(t), as(t) = C3Vyu(t)

time t + 1

Ou(t+17) = CVip(t+71), gt +1) = 0, ga(t +1) = CaVy,(t+ 1)

and at time t + 21

gyt +21) = 0, gyt +21) = CoV,(t+21),05(t + 21) = C3V,(t + 21)
The charge conservation equations are

da(t) = as(t +1) (4.1)
Oyt +T) + ot + 1) + Ot + 1) =
=yt +21) + qy(t + 27) + q5(t + 21) (4.2)
The Eq. (4.1) results in
CaVy(f) = CaVo {t +1) (4.3)

which states that the output voltage is kept constant between clock phase 1
to 2.

Furthermore, Eq. (4.2) results in
C Vgt +1) + C3V (D) = GV, {t+21) + C3V (t +21)
We also know that V; (t) = V,,(t + T) which yield that
CVin(®) + C3V () = (C,+ Cy)V (L + 21)
Performing a Z-transformation on this equation gives the results
Vould((Cy, +C3)z—-Cy) = C1V,,(2 (4.4)
rearranging the equation yields

Vout(Z) — Cl 1
Vin@  Cy+ C3Z_ Cs
C,+C4

(4.5)

which is a common noninverting lossy accumulator.

b) Is the circuit insensitive to capacitive parasitics? Motivate your answer
carefully.

The parasitics of interest are shown in
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Cpe Cy ) Cor
i Ci b

'\C n out
Cyy S T Cw
e 2

Figure 4.1 The SC circuit with capacitive parasitics due to the capacitor and the
switches.

C)q does not alter the transfer function since it is always connected to the
ideal input source.

Cpp does not change the transfer function since it is shorted to ground in one
clock phase and connected to ground and the input source in the other clock
phase.

Cpc The voltage in node where this parasitic is connected is always virtual
ground or ground. Hence, the transfer function will not be changed.

Cpq Connected between ground and virtual ground which results in no
change in the transfer function

Cpe Connected between ground and ground or output of the OPamp and
ground. No effect on the transfer function.

C,g Connected between output node of OPamp to ground. No changes in the
transfer function.

Cpn Cpi» Cpjy Cpr Connected between ground and ground not changing the

transfer function.

Hence, the circuit is insensitive to capacitive parasitics, when the transfer

function is of concern, but the settling time will be affected.

c) Express the output voltage, V,{(2), for clock phase 1 of the switched
capacitor circuit shown in the Figure. Assume that the OTA suffers from
an offset voltage.

Starting by assigning positive charge at the left plate of capacitor C; and
to the right of capacitor C, and C;. The next step is to express the charge
at the capacitors.

At time ¢

ql(t) = —CyVos qz(t) = CZ(Vout(t) _Vos) ’ qS(t) = CS(Vout(t) _Vos)
time t+ 1

ql(t + T) = Clvin(t + T) ’ qz(t + T) = O’ q3(t + T) = CS(Vout(t + T) _Vos)
and at time t + 2T

Oyt +21) = Cy(Vou{t+21) =V, a5t + 21) = Ca(Vu(t +21) =V,
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The charge conservation equations are
03(t) = st + 1) (4.6)
Oyt +T) +ou(t+1) +05(t+ 1) =
= Oyt +21) + qy(t + 27) + q4(t + 21) 4.7
The Eq. (4.1) results in
Ca(Voul) =Vod = Ca(Voult+1) =V (4.8)

which states that the output voltage is kept constant between clock phase 1
to 2.

Furthermore, Eq. (4.2) results in
CiVipt+ 1) + Co(Vout+1) =V = =CiV s+ (Co + Co) (Vo lt +21) =V,
We also know that V, () = V,,(t + 1) which yield that
C Vi) +C3V, (1) +(Cy+C,)V s = (Cy + Cy)V,(t +21)
Performing a Z-transformation on the above equations results in
Vould((Cy, +C3)z—-C3) = CV, (D +(C +Cy)V,e (49)
rearranging the equation yields

1 1
Vould = Cp+Cy Cs
£TC,+C,

(C1Vin(@ +(Cy+ Cy)Vy9)

(4.10)

which is a common noninverting lossy accumulator which is not offset
compensated.

5. A mixture of questions
a) The current in a special CMOS transistor is given by

| = a(Vgs— V1) (L+A(Vps—Ves* V1)) (5.1)

Derive approximate expressions for the transconductance and the output
conductance as a function of the current through the device, but not as a
function of any voltages. For the computation of the transconductance
assume that the A parameter is zero.

The transconductance is given by (since the A parameter is neglected)

y-1
ol 2— -1 2_
Om = v — ~ ny(VGS—VT)V_l =Yya V(av (VGS_VT)y_l) =ya yl !

The g4 parameter is
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b) State three techniques to increase the DC gain in the common-source
amplifier shown in the figure. Both changes to the topology and the
design parameters are allowed.

There are several techniques

Add cascodes

Add cascodes plus gain boosting
Increase the size of the input transistor
Decrease the current

¢) Derive the input and output ranges of the amplifier shown in the figure.
Express the them in relevant design parameters (I g, 0, ...).

Starting from the CMR and with the maximum input voltage we see that
this voltage is

Ibias
Vinmax = Voo~ Vses—Vpsit Ves = Vop— /_20(3 =Vi3+Vqg

The minimum input voltage is determined the path gnd->M7->M8->M5-
>M1 which results in

Vinmin = VesrtVess—Ves t Voss T Ves =

f (k;:s Vo, + f blas+VT8_VT5 f b"'3‘5+VTl (5.3)

CMR = [ in, mln’ in, max] (54)

The output range is determined in a similar manner

v = Vin—Ven = V 'bias (5.5)
out max~ VDD~ VsS4 — VDD 7‘4 .

Vout min = Vesrt Vess—Ves t Vposs t Vpsr =

/ b|as+V_|_7 / bIaS+VT8_VT5 /zb(;as (5.6)
1

OR = [ out, min out ma>] (5.7
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