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TSTE 80, Analog and discrete-time integrated circuits 20010816
Exercise

1. Basic CMOS building blocks
a) Assume that a voltage source with a input resistance, , is connected
to the node . Derive the transfer function from  to . Assume that
all transistors are operating in the saturation region

The equivalent small signal is shown in Figure 1.1.

Using nodal analysis in the nodes  and  gives the following
equations

(1.1)

(1.2)

Solving for  in Eq. (1.1) and inserting it into Eq. (1.2) results in

Student’s Instructions

The CMOS transistor operation regions, small signal parameters, and noise characteris-
tics are found on the last page of this test.

Generally, do not just answer yes or no on a short question. You always have to answer
with figures, formulas, etc., otherwise no or fewer points will be given.

Basically, there are few numerical answers to be given in this test.

You may write down your answers in Swedish or English.

This exam covers nearly the whole course except the filter chapters. Our advise to you is
to start by reading through the exam and then begin to solve the exercises that you are
familiar with.
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Figure 1.1 ESSS for the Common Gate amplifier
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(1.3)

where  is assumed.
The DC-gain and the location of the first pole is found from Eq. (1.3)
according to

(1.4)

(1.5)

b) What will happen with the gain and the first pole of the circuit in the
figure if the width of the transistor  is made larger?
The transconductance

(1.6)

and the output conductance is given by

(1.7)

where  is the current through the gain stage. Transistor  is
considered as a current source and a constant current will flow through the
circuit.
The expression for the DC-gain is

(1.8)

Increasing  will increase the DC-gain of the circuit. Continuing to the
first pole the expression is computed to

Vout

Vin
----------

Gin gm1 gds1+( )
gds2 sCL+( ) gm1 gds1 Gin+ +( ) gds1Gin+

----------------------------------------------------------------------------------------------------- ≈=

Gin gm1 gmbs1+( )
gds2 sCL+( ) gm1 Gin+( ) gds1Gin+

------------------------------------------------------------------------------------

gm1 gds1»

A0

Gin gm1( )
gds2 gm1 Gin+( ) gds1Gin+
----------------------------------------------------------------≈

p1

gds2 gm1 Gin+( ) gds1Gin+

gm1 Gin+( )CL
----------------------------------------------------------------=

M1

gm1 µnCox

W1

L1
------- I D≈ E W1=

gdsi λi I D≈

I D M2

A0

GinE W1

λ2I D E W1 Gin+( ) λ1I DGin+
---------------------------------------------------------------------------≈ ≈

Gin

λ2I D

I DGin

E W1

---------------- λ1 λ2+( )+

----------------------------------------------------------

W1
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(1.9)

Increasing the width of  will decrease the frequency of the first pole.

c) An ideal voltage source is connected to node . Determine the operation
regions of the transistor  when node  ramps from  to ground.
Assume that transistor  operates as an ideal current source delivering
the current . Explain how to find the input voltage where transistor

 start to operate in the linear operation region.

The transistor  is in the cut-off regime as long as  no
(very small) current will flow through transistor  so the output voltage
will be equal to .
When the input voltage is lower than  the transistor will be in
saturation since . Depending of the value of
will the transistor operate in the linear region. The input voltage this will
happen can be computed as follows.
The current through transistor  in saturation is

(1.10)

In saturation the current through transistor  must equal .

(1.11)

Solving for  gives thew following expression.

(1.12)

The transistor operates in the saturation region when
. Inserting Eq. (1.12) into previous equation

and solving for gives the input voltage where the transition between the
saturation and linear operation point appears.

d) Determine the maximum possible output swing for saturated transistors
if the bias voltages  and  are connected to  and  is
assumed to be connected to ground.

The maximum output voltage for  to operate in saturation is

(1.13)

p1

λ2I D E W1( ) I D λ1 λ2+( )Gin λ1I D E W1( ) λ1I D E W1( )–+ +

E W1 Gin+( )CL

------------------------------------------------------------------------------------------------------------------------------------------------------------≈ =

λ1 λ2+( )I D

CL
-----------------------------

λ1I D

1
Gin

E W1

----------------+
 
 
 

CL

--------------------------------------–

M1

V1
M1 V1 Vdd

M2
I bias

M1

M1 Vb1 VT1– V1<
M1

Vdd

Vb1 VT1–
Vds Vb1 V1– VT– 0> > Vb1

M1

I D1 α Vb1 V1 VT1––( )2 1 λVout+( )=

M1 I bias

I bias α Vb1 V1 VT1––( )2 1 λ Vout V1–( )+( )=

Vout V1–

Vout V1–
1
λ
---

I bias

α Vb1 V1– VT1–( )
---------------------------------------------- 1–=

Vout V1– Vb1 V1 VT1––=
V1

Vb1 Vb2 Vdd 2⁄ V1

M2

Vdd Vsd2sat– Vdd Vsg2 VT2–( )– Vdd 2⁄ VT2+= =
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The minimum output voltage for  to operate in saturations
 which can be simplified to

(1.14)

Which means that  can range from  to .

2. Operational amplifier
a) Derive the differential voltage gain of the circuit. No parasitic
capacitances needs to be considered.
To simplify the small signal computation we assume that the output
conductance of transistor is zero, and thereby setting the common node
of the differential pair to small signal ground. Further, the circuit is a fully
differential gain stage and thereby it is sufficient to compute the small
signal transfer function of half the circuit.
The Equivalent small signal scheme is shown in Figure 2.1

Performing nodal analysis in the nodes , , and  results in the
following equations

(2.1)

Solving for  in the system of equations gives

(2.2)

dividing by the two expression within the parenthesis in the numerator and
assuming that  gives the following expression

M1
Vout V1– Vb1 V1– VT–>

Vout Vdd 2⁄ VT1–>

Vout Vdd 2⁄ VT2+ Vdd 2⁄ VT1–

M5

gds3

Vx

gm1Vin gds1
gm7Vx gds7

-gm8Vy gds8
CL

gds10

Vy

Vout

Figure 2.1 ESSS for the Folded cascode amplifier.

Vx Vy Vout

gm1Vin Vxgds1 Vxgds1 gm7Vx Vx Vout–( )gds7+ + ++ 0=

gm8Vy Vy Vout–( )gds8 Vygds10+ + 0=

gm7Vx Vx Vout–( )gds7 VoutsCL– gm8Vy Vy Vout–( )gds8+ + + 0=

Vout

Vout

Vin
-----------

g– m1 gm7 gds7+( ) gm8 gds8 gds10+ +( )
gds1 gds3+( )gds7 gm8 gds8 gds10+ +( ) gds1 gds3 gds7 gm7+ + +( ) gds8 gds10+( ) sCL+ +

-----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------=

gm gds»
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(2.3)

The DC-gain is extracted from Eq. (2.3).

(2.4)

and the first pole is given by

(2.5)

b) The second pole arises from the parasitic capacitance in node  in the
figure. The expression for this pole is  where  is the
parasitic capacitance in node .
How do you increase the phase margin...
...if the area is limited?
...if the power is critical?
...if the unity-gain and power is critical?
In each case what are the drawbacks of the circuit performance?

The phase margin is increased if the ratio between the second pole and the
unity-gain frequency is increased. The unity-gain frequency can be
expressed as

(2.6)

where is the current through transistor . The second pole is given
in the text to be

(2.7)

where  is the current through transistors ,  and . The
expression for the ratio between the second pole and the unity-gain
frequency is given by

Vout

Vin
----------

gm1–

gds1 gds3+( )gds7

gm7
-----------------------------------------

gds8gds10

gm8
---------------------- sCL+ +

---------------------------------------------------------------------------------------=

A0

gm1–

gds1 gds3+( )gds7

gm7
-----------------------------------------

gds8gds10

gm8
----------------------+

-----------------------------------------------------------------------
gm1–

gout
------------= =

p1

gout

CL
---------=

vx
p2 gm7 Cx⁄= Cx

Vx

ωu Aop1

gm1

CL
---------

2µnCox

W1

L1
------- I diff

CL
-----------------------------------------≈ ≈≈

I diff M1

p2

gm7

Cx
---------

gm7

Cgs7
-----------

2µpCox

W7

L7
------- I casc

2
3
---CoxW7L7

-------------------------------------------≈ ≈ ≈
2µp

2
3
--- Cox

----------------
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------------------------=
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(2.8)

Further, the DC-gain can be expressed as

(2.9)

From Eq. (2.8) and Eq. (2.9) the solution can be found.

The phase margin can be increased if the area is limited by for example:
- Increasing the drawbacks will be higher power dissipation and lower
DC-gain.

The phase margin can be increase if the power is critical by for example:
- Increasing , the drawbacks is decreased Slew-Rate and unity-gain but
the DC-gain will not be changed.
- Decrease , the drawback is decreased DC-gain, no changes to the unity-
gain or the Slew-Rate.

The phase margin can be increase if the unity-gain and the power is critical
for example by:
- Decrease , the drawback is decreased DC-gain, no changes to the unity-
gain or the Slew-Rate.

c) What is slew-rate? Derive the Slew-Rate of the circuit in the figure.
Motivate your solution carefully

p2
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2
3
--- Cox
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L7 W7L7
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2µnCox
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2
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Slew-Rate is maximum possible voltage change at the output of the device,
for example an amplifier. This maximum possible voltage change is set by
the ability of the device to drive current.
The Slew-Rate is defined as

(2.10)

The Folded cascode amplifier drives capacitive load and thereby the well-
known relationship

(2.11)

can be used as gives the following

(2.12)

3. Noise in CMOS circuits
a) Derive the equivalent output noise of the circuit, shown in the figure, due
to the thermal noise generated by the transistors  and .

The equivalent small signal scheme for the circuit is shown in Figure 3.1.

To compute the equivalent output noise the transfer function from  to
 and from  to  is performed. We start by setting up the

equations needed to compute the transfer function from the input to the
output.

(3.1)

(3.2)

max
dVout

dt
--------------

 
 
 

I CL
dV
dt
-------=

SR max
dVout

dt
--------------

 
 
 

max
I out

CL
--------

 
 
  max Iout{ }

CL
--------------------------

I casc I diff+

CL
---------------------------= = = =

M1 M2

Vx

gm1(Vin-Vx) gds1
CL

Voutgmbs1(0-Vx)

gds2

-gm1Vx gds1

gm2Vn gds2

CL

Vout

Vx

-gmbs1Vx

Figure 3.1 ESSS for the source-degenerated CS stage. a) Input to output.
b) bias to output.

a) b)

Vin
Vout Vb Vout

gm1 Vin Vx–( ) gmbs1– Vx Vout Vx–( )+ gds1 Vxgds2– 0=

gm1 Vin Vx–( ) gmbs1Vx– Vout Vx–( )+ gds1 VoutsCL+ 0=
8 (17)
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Solving for  by eliminating  gives the following transfer function

(3.3)

The equations for the transfer function between  and  is given by

(3.4)

(3.5)

Solving for  by eliminating  results in

(3.6)

The rms output noise is given by

(3.7)

where

(3.8)

and

(3.9)

The last two equations comes from the fact that the thermal noise power of
a transistor is modelled as a gaussian white noise source.
The two integrals in Eq. (3.7) can be calculated using the concept of noise
bandwidth which results in the following computation.

(3.10)

Vout Vx
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Vout

Vin
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gds1
---------- 1

1 s
gds1gds2

CL gm1 gmbs1 gds1 gds2+ + +( )
-------------------------------------------------------------------------

--------------------------------------------------------------------------+
-----------------------------------------------------------------------------------= =

Vb Vout
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Vout Vx
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----------------------------------------------------------- 1
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--------------------------------------------------------------------------+
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--------------------------------------------------------------------------+
-----------------------------------------------------------------------------------≈

Vno
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2
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(3.11)

b) Describe two ways to decrease the equivalent output noise by changing
relevant design parameters. What will happen to the gain, unity-gain and
slew-rate of the circuit?

Relevant design parameters are for example the current through the circuit
and the size of the transistor.
Rewriting the Eq. (3.11) with the design parameters yields

(3.12)

The DC-gain from the input to the output is given by

(3.13)

and the unity-gain is given by

(3.14)

The equivalent output noise can be reduced by:
- Increase the bias current -> Decreased DC-gain, Increased unity-gain, and
Increased Slew-rate.
- Decreased  -> No change to the DC-gain, unity-gain or Slew-Rate.
- Decrease -> No change to the DC-gain, increased unity-gain frequency
and no change to the Slew-Rate.

4. Switched capacitor
a) Derive the transfer function of the switched capacitor circuit shown in the
figure, i.e, . Assume that the operational transconductance
amplifier is ideal.

The the two different clock cycles of the circuit is shown Figure 4.1

Vno
2 2kT

3CL
----------

gm1

gds1
----------gds2

gm1 gmbs1+( )2gm2

gds1gds2
---------------------------------------------+ 

  1
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------------------------------------------------------------- ≈=
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3CL
----------
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--------------------------------------------gds2
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-------------------------------------------+ 

 ≈

2kT
3CL
----------
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----------

gm1gm2
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--------------------+ 

 ≈

Vno
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3
---------- 1

CL
------

L2

L1
-----

2µnCoxW1L1 2µnCoxW2L2

I bias
--------------------------------------------------------------------------+

 
 
 

=

A0

gm1

gds1
----------

2µnCoxW1L1

I bias
---------------------------------≈=

ωu A0p1

gds2gm1

gm1 gmbs1 g+ ds1 gds2+ +( )CL
-------------------------------------------------------------------------

gds2

CL
----------

I bias

L2CL
-------------≈ ≈ ≈≈

W2
L2

V2 z( ) V1 z( )⁄
10 (17)
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Starting in the clock cycle 1 at time t:

At time

At time

The last equation comes from the charge conservation. The charge at the
end of clock cycle t is equal to the charge during clock cycle  since no
charge can vanish into the operational amplifier.

(4.1)

Inserting the above equations into Eq. (4.1) gives.

(4.2)

performing z-transformation on both sides gives

(4.3)

which gives the following transfer function

(4.4)

The factor is just a time delay from the input to the output, it means
that when the input is sampled at time t, the output will not be available
until the time .

b) Is the circuit insensitive to parasitics? Motivate your answer carefully.

There will be parasitic capacitances at both sides of each switch and the
input and output of the operational amplifier as shown in Figure 4.2.

V1

V2

C2

C1

V2C2

C1

Figure 4.1 The circuit in the two different clock cycles.
clock cycle 1 clock cycle 2

q1 t( ) V1 t( ) 0–( )C1=
q2 t( ) V1 t( ) 0–( )C2=

t τ+
q1 t τ+( ) V2 t τ+( )C1=
q2 t τ+( ) 0=

t 2τ+
q2 t sτ+( ) V1 t 2τ+( ) 0–( )C1=
q2 t 2τ+( ) V1 t 2τ+( ) 0–( )C2=

t τ+

q1 t( ) q2 t( )+ q1 t τ+( ) q2 t τ+( )+=

V1 t( )C1 V1 t( )C2+ V2 t τ+( )C1 0+=

V1 z( ) C1 C2+( ) z
1 2⁄

V2 z( )C1=

V2 z( )
Vz z( )
-------------- z

1 2⁄– C1 C2+

C1
------------------- z

1 2⁄–
1

C2

C1
------+ 

 = =

z
1 2⁄–

t τ+
11 (17)
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 is connected between the ideal input and ground. Not changing the
transfer function

 is always connected to ground. Will not change the transfer function.
 is connected between the ideal input and ground or between ground

and ground and thereby not interacting with the transfer function.
 is connected ideal input and ground or the ideal output of the opamp

and ground and thereby no change in the transfer function will appear.
 is connected between the virtual ground and ground not causing any

change in the transfer function.
is connected between the ideal output of the opamp and ground and

thereby not changing the transfer function.
Hence, the circuit is insensitive of capacitive parasitics with respect to the
transfer function.

c) Assume that the operational transconductance amplifier suffers from
finite gain, , and input offset voltage, . Derive the transfer function.

At time , , and so on, the potential at the negative input of the
operational amplifier, , will be equal to .
At time , , and so on, the potential at the negative input of
the operational amplifier will be equal to

. (4.5)

Using charge analysis gives:

V1

V2
C2

C1

rout

Cpa

Cpb

Cpc

Cpd

Cpe

Cpf

Figure 4.2 The SC-circuit with all parasitic capacitances.

Cpa

Cpb

Cpc

Cpd

Cpe

Cpf

A Vos

t t 2τ+ t 4τ+
Vx Vx t nτ+( ) Vos=

t τ+ t 3τ+ t 5τ+

Vx t n 1+( )τ+( ) Vos

V2 t n 1+( )τ+( )
A

----------------------------------------–=
12 (17)
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The charge conservation gives

Some manipulation gives

(4.6)

We can from this equation see that is A is infinity we will return to the same
answer as in a). Further, the circuit is insensitive to offset in the operational
amplifier and we can get a design specification of the DC-gain of operational
amplifier to fulfill a certain specification of the whole system.

d) Find the settling time constants, i.e. the speed of the circuit, for both clock
phases. Neglect the influence of the switches.

All the parasitics of the circuit are shown in Figure 4.2.
For clock phase , ,  and so on
The feedback factor is equal to 1 since the amplifiers output is connected
direct to the negative input =>
This gives the speed

For clock phase , ,  and so on

(4.7)

The second clock phase is the one that are slowing down the system. The
speed is equal to

q1 t( ) V1 t( ) Vos–( )C1=

q2 t( ) V1 t( ) Vos–( )C2=

q1 t τ+( ) V2 t τ+( ) Vx t τ+( )–( )C1 V2 t τ+( ) 1 1
A
---+ 

  Vos– 
  C1= =

q2 t τ+( ) Vx t τ+( )– C1 V2 t τ+( ) 1
A
--- Vos– 

  C1= =

q1 t 2τ+( ) V1 t 2τ+( ) Vos–( )C1=

q2 t 2τ+( ) V1 t 2τ+( ) Vos–( )C2=

q1 t( ) q2 t( )+ q1 t τ+( ) q2 t τ+( )+=

V2 z( )
V1 z( )
-------------- z

1 2⁄– C1 C2+

1 1
A
---+ 

  C1

C2

A
------+

--------------------------------------- z
1 2⁄–

1
C2

C1
------+ 

  1

1
1
A
--- 1

C2

C1
------+ 

 +

-----------------------------------= =

t t 2τ+ t 4τ+

β1 1=
w 3dB– wu=

t τ+ t 3τ+ t 5τ+

β2

1
Cpe C2+
----------------------

1
C1
------ 1

Cpe C2+
----------------------+

-----------------------------------
C1

C1 Cpe C2+ +
-----------------------------------= =
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(4.8)

5. CMOS Building blocks
a) In an active RC filter we need to have an operational amplifier with the
following specification

How would you like to design the operational amplifier?
Draw the block diagram of the operational amplifier and make a
specification of each block in your design, like the one above and the name
of the type of building block and the type of the input transistors.
b) The same task a the one above but here we like to have an operational
transconductance amplifier that will be used in a SC-filter.

These two exercise have very many solutions. The key point is to
understand the difference between a operational amplifier and a
operational transconductance amplifier. A operational amplifier has small
output resistance and it has the possibility to drive load with low resistance.
One solution can look like in Figure 5.1

Table 1: OPamp specification

Performance parameters Values

80dB

100MHz

5pF

80V/

[0.3 - 2.3]V

[0.1 - 2.0]V

3.3V

<10mW

w 3db– β2ωu

C1

C1 Cpe C2+ +
-----------------------------------ωu= =

A0

f u

CL

SR µs

OR

CMR

Vdd

Pdiss

Buffer
CD

Folded
Cascode

Figure 5.1 A block diagram of an operational amplifier
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The Folded cascode amplifier has pmos input transistors to fulfill the CMR
and the following specification:

, , , ,
 and

The buffer is a common drain amplifier with nmos transistors. The
specification is:

, , , ,
 the CMR is not possible to define.

The operational transconductance amplifier has high output resistance and
thereby it can only drive load large resistance.
Here we only uses a Folded cascode amplifier and no buffer at the output.
The Folded cascode amplifier will have to following specification:

, , , ,
 and

c) Derive the quotient between the output and input resistance of the
current mirror shown in the figure.

The ESSS is shown in Figure 5.2

The input resistance is calculated by adding a voltage source  at the
input.

(5.1)

The resistance is then

(5.2)

The output resistance is given by

(5.3)

The ratio is

(5.4)

A0 82dB= f u 120MHz= SR 80V µs⁄= CMR 0.1 2.0–[ ]=
Pdiss 7mW= OR 0.5 3.1–[ ]=

A0 1.9dB–= f u 200MHz= SR 80V µs⁄= OR 0.3 2.3–[ ]=
Pdiss 3mW=

A0 80dB= f u 100MHz= SR 80V µs⁄= CMR 0.1 2.0–[ ]=
Pdiss 10mW= OR 0.3 2.3–[ ]=

gm1Vx

Vx

A

gds1 gds2gm2Vx

Iin Iout

Figure 5.2 The ESSS of the current mirror.

Vin
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-------------≈= =
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----------

i in 0=

1
gds2
----------= =

r out

r in
---------

Agm1

gds2
-------------=
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d) Derive the PSRR from the positive supply of the circuit shown inthe
figure b. Do not forget to take the bulk-effect into account. No parasitics
need to taken into account. Sketch the magnitude of the transfer function
with respect to the frequency.
The PSRR is defined as the gain of the circuit from the input to the output
divided by the gain from the positive power supply to the output.
The ESSS is shown in Figure 5.3

The gain from input to output is given by

(5.5)

and from the power supply to the output is following equation can be solved

(5.6)

where is the power supply variations. The transfer function is given by

(5.7)

The PSRR of the circuit is

(5.8)

(5.9)

gm2Vsup gds2

CLgds1

Vout

Vsup

gmsb1(Vout-Vsup)
gm1(Vout-Vin) gds1

CL

Vout

gds2

gmsb1Vout

Figure 5.3 The ESSS of the Common Drain circuit from a) the input,
b) the positive power supply.

a) b)

Vout

Vin
----------

gm1

gm1 gmsb1 gds1 gds2 sCL+ + + +
-----------------------------------------------------------------------------=

gm2Vsup Vsup Vout–( ) gds2 gmbs1+( ) Vout gds1 sCL+( )–+ 0=

Vsup

Vout

Vsup
-----------

gm2 gds2 gmbs1+ +

gmsb1 g+ ds1 gds2 sCL+ +
--------------------------------------------------------------=

Vout

Vin
----------

Vout

Vsup
-----------

-----------
gm1 gmsb1 gds2 gds1 sCL+ + +( )

gm2 gds2 gmbs1+ +( ) gm1 gmsb1 g+ ds1 gds2 sCL+ + +( )
-------------------------------------------------------------------------------------------------------------------------------------= =

gm1 gmsb1 gds2 gds1+ +( )
gm2 gds2 gmbs1+ +( ) gm1 gmsb1 g+ ds1 gds2+ +( )

---------------------------------------------------------------------------------------------------------------------

1 s
gmsb1 gds2 gds1+ +

CL
----------------------------------------------

----------------------------------------------+

1 s
gm1 gmsb1 g+ ds1 gds2+ +

CL
-------------------------------------------------------------

-------------------------------------------------------------+
-----------------------------------------------------------------------

 
 
 
 
 
 
 
 
 
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The graph of the transfer function will start at a value lower than 1, i.e,

(5.10)

and then start to increase since the zero is located a lower frequency than
the pole. The curve will then start to decrease until it reaches the value

(5.11)

gm1 gmsb1 gds2 gds1+ +( )
gm2 gds2 gmbs1+ +( ) gm1 gmsb1 g+ ds1 gds2+ +( )

---------------------------------------------------------------------------------------------------------------------

gm1

gm2 gds2+
-------------------------
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