Solutions to Written Test
TSEI30,
Analog and Discrete-time Integrated Circuits

Date: August 14, 2004
Time: 14 — 18
Place: TER1

Max. no of points: 70;
40 from written test,
15 for project, and 15 for assignments.

Grades: 30 for 3, 42 for 4, and 56 for 5.

Allowed material: All types of calculators except Lap Tops. All types of
tables and handbooks. The textbook Johns & Martin:
Analog Integrated Circuit Design. Dictionaries.

Examiner: Lars Wanhammar.

Responsible teacher: Robert Hagglund.
Tel.: 0705 - 48 56 88.

Correct (?) solutions: Solutions and results will be displayed in House B,
entrance 25 - 27, ground floor.

Good Luck!




TSEI 30, Analog and discrete-time integrated circuits 20040814

Student’s Instructions

The CMOS transistor operation regions, small signal parameters, and noise characteris-
tics are found on the last page of this test.

Generally, do not just answer yes or no to a short question. You always have to answer
with figures, formulas, etc., otherwise no or fewer points will be given.

Basically, there are few numerical answers to be given in this test.

You may write down your answers in Swedish or English.

Solutions

1. Large-signal analysis
In analog circuit design, it is common to deal with differential amplifiers,
either as a single amplifier or as a part of an operational amplifier. In this
assignment, a differential amplifier is to be analyzed. Assume that all the
transistors are biased in saturation and neglect the body effect. The current
through transistor My is Ij;,.

a) Derive expressions for the common-mode range of the circuit shown in
Figure 1.1 as a function of relevant design parameters.

The common-mode range is the range between the minimum and maximum
possible input voltage so that all transistors are operating in the saturation
region. In saturation the drain-source voltage is larger that the gate-source
voltage minus the threshold voltage, i.e., Vpg> V55—V >0.

To determine the minimum input voltage we start at the ground terminal
and identify the minimum required voltage for each transistor to ensure
saturated transistors. In this case

Vin,min = Vps sat5 T Ves1 = Vos sarst Vps sar1 T V1,1

[ |
blas bias
+V (1.1)
e A/Zal TL

For the maximum input voltage, the voltage drop from the power supply to
the input is computed. This results in

Vinmax = Vop~Vsc3~Vps sat1 T Ves1 = Voo~ Vsp satz~ VT3t V1

I
— _bias__
20(3

Hence, the common-mode range can be expressed as
CMR = [V Vv

in, min’

(1.3)

in, max]

b) Derive expressions for the output range of the circuit shown in
Figure 1.1 as a function of relevant design parameter. Assume that the
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input common-mode DC voltage is V;, pc = Vpp/ 2.

The minimum possible output voltage for saturated transistors assuming
that the input voltage is small is

/I - /I ;
_ _ bias bias
Vout, min ~ VDS sat5+VDs sat2 ~ _O(S + E (1.4)

However, if the input signal is not small, the minimum possible voltage at
the output is increased. In order to ensure that the input transistor is
operating in the saturation region the following expression must be
satisfied

Ves1—VT1,1<Vps sar1 (1.5)
This can be rewritten as
Vin.oc=Ve=VT1,1<Vour=Ve Vour>Vin, oc= V1.1 (1.6)

Hence, the minimum possible output voltage in the DC operation point can
be expressed as

O [ bias Ibias_ 0
Vout, min = MaxJ /0‘_5 + E’Vin, Dc—VmE (1.7)

where the second term is usually larger than the first term.

The maximum output voltage is only limited by the smallest voltage drop
from the power supply voltage. Hence,

| ..
- _ bias
Vout, max ~ VDD_VSD, saf3 — Vob — }‘_20(3 (1.8)

The output range is given by

OR = [V Vv (1.9)

out, min' ¥ out, ma>]

¢) Determine the widths of the transistors M; — M5 to obtain
CMR = [CMR_;., CMR__ ] and OR = [OR;,, OR.. ] where CMR_ .,
CMR..s ORin» and OR, . are given. The lengths of all transistors are
L. Note that several solutions exists.

The width of transistors M3 and My is computed from Eq. (1.8) according to

I 21, | iad
bias bias bia
OR. .=V —/—Daz O W, =
max— TPD 20, © T3 (Vi —OR, )2 3 L,Cox(Vpp—OR

The minimum output voltage is set directly by the common-mode voltage at
the input as long as Vps sat5t Vos sat1 < Vin,oc— VT, 1-

2
max)

The maximum common-mode voltage results in a lower bound on the device
size of transistor M.
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,| .
_ bias
CMR 2 = Vpp — _0‘5 _VT,3+VT,1D

[,
0 Wg> bias 5 (1.10)
HoCox(Vpp ~CMR 1~V 3+ V1 )

This results in that VDS sat5 < I pias” W5' min- We also know that

Vbs sat1 Vos sat5= Vin, min~ V1,1 (1.11)
and

VDS Satl+VDS satSSVout, min (1.12)

Using Eq. (1.10) —Eq. (1.12) we can determine an expression for the size of
the input transistors.

| ...
_ bias
VDS sat5 ~ / a5 (1.13)

Hence,
v <V v [ias
DS sat1~= Yin, min T,1 O‘s
|,
0 W, > biag (1.14)
O /Ibia%Z
V! C_.[V. .=V — ==
0 OXD in, min T,1 GS 0
and

| ...
bias
VDS, satl < Vout, min~ ’ O O

[
ERVAS bias- (1.15)

0] Ibia%2
HqCo LV in— /—
0 oxD out, min G5 0

d) Show that V, = V_, in the operation point (V;, , = V,, ) for the
circuit in Figure 1.1 given that the transistors M;, My and M, M, are
perfectly matched. Hint: Assume that V>V, and show that it will
result in a contradiction.

Assume that V>V, . This results that the current through Mg is larger
than through M,. However, the gate-source voltage of both input transistors
is equal, the current through transistor My, must be larger than through
transistor M;, since the drain-source voltage is larger for M2. Hence, this is
a contradiction. The same procedure can be carried out for the case

Vout< Vy- Hence, in the DC operation point with perfectly matched devices
the following equation must hold V, = V

"
e) Compute the output voltage, V ; pc, in the operation point
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Vout g m5(Vy_Vx) -8 mbs5Vx Vout
Em 1Vin
8ds1 —_— CL Vy
8ds5
Ve
— CL
- 8 m4Vin 8ds4
gm3(—Vx) _gmbs3Vx Vout
% 8ds3 B
Vx
—— Cy,
g m2Vin #) 8ds2

Figure 2.1 The small-signal model of the common-source amplifier with cascodes.

(Vin a = Vin b) as a function of the bias current and transistor sizes.

Neglect the influence of the channel-length modulation.

We from the previous assignment know that V,, = V, . The voltage in V,
can be expressed as

,| .
_ bias

2. Small-signal analysis
The transistors in the circuits shown in Figure 2.1a-c are biased in the
saturation region and their sizes are equal, i.e., W;/L; = W/ L for all ..
Further, the load capacitances are also equally large and A » 1. Neglect the
influence of all internal parasitics in the transistors.

Hence,

a) Derive approximate expressions for Im | and Jas fori =23 45asa
function of g, ; and gy 1, respectively.
The sizes of all the transistors are equal and the same current is passing
through the transistors. Hence, all the transconductances are equal and the
same applies for the output conductances.
b) Draw the small-signal models of the three amplifiers shown in
Figure 2.1 a-c. Do not neglect the influence of the bulk effect.

The small-signal model of the amplifier is shown in Figure 2.1

¢) Compute the small-signal transfer functions, H(s) = V,(s)/V,,(s), for
the circuits shown in Figure 2.1a-c. Neglect the influence of the bulk
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effect.

Starting with the common-source amplifier and perform a nodal analysis in
the output node. The result is

9m1Vin * 9as1Vour t SCG Vour = 0 (2.1)

And the transfer function is

Vout _ 9m1 1 (2.2)
Vi Yds114+_S_

Yas1

CL

The next stage is the common-source amplifier with cascodes. Here two
equations are obtained from the nodal analysis.

ngVin + gdSZVX + ngVx + (VX_VOut)gdSB =0 (23)

gmBVx+ (Vx_vout)gds3_voutSCL =0 (2.4)

Solving for V, in Eq. (2.4) results in

Oga S
Y = dSS—CLVout (2.5)
Im3 * Yus3
Inserting this into Eq. (2.3) gives
O Ugz + SCLO
Im2Vin = Voutll¥as — (9ma * 942 + 94s3) —————U (2.6)
m2 Y in outD ds3 m3 ds2 ds3 Uz *+ 9geall
and the transfer function is
Vour _ Im2(9m3 * Yusa) 1 _
Vin 9929ds3 1+ s
9452943
(Om3 * 92 * 94s3)CL
- Im2 1 ©.7)
94s29ds31 + —S
Im3 Y4529%ds3
Im3CL

The last stage is the common-source amplifier with gain-boosting. Here,
only two equations are required.

ngVin + gdsZVx + ngVx(l + A) + (VX _Vout)gdsg =0 (28)

gm3Vx(1 + A) + (Vx _VOUt)gdS3_VOUtSCL =0 (2.9)

Solving for V, in Eq. (2.9) gives the following result

6 (15)
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+S
v, = oS . Vout (2.10)
Ima(1+A) + 94
Inserting this into Eq. (2.8) results in
_ 0 Ous3*sCG. O
Im2Vin = Voutggds:% —(Oma(1+A) + 9o + gd33)gm3(1 +A) + gdsgg
(2.11)

and the resulting transfer function is

Vout _ gmz(gms(:L +A)+ gds3) 1

Vin Y4s39ds2 1+ S
9953942
(Imz(1+ A) + 94 + 94s3)CL

~_9m2 1 (2.12)

94s39ds2q + —S
I3A  Yd2Ydis3
ImzACL

d) Rank the three stages with respect to the DC gain, first pole, and gain-
bandwidth product.

The three stages are the common-source amplifier, common-source with
cascodes, and common-source with gain-boosting.

If high gain is required gain-boosting is a good choice since this stage has
highest DC gain. The cascode stage is on second place while the regular
common-source amplifier has lowest DC gain.

The opposite ranking is the case for the first pole, i.e., common-source
amplifier has the first pole highest up in frequency.

The gain-bandwidth product of the amplifiers are approximately equal
since the

gm ingout gm in
A p,=——— = :
O™ gout CL CL

= constant (2.13)

3. Operational amplifiers
A commonly used building block in analog filtering applications is shown in
Figure 3.1.

a) Derive the transfer function from the input of the circuit to its output,
ie., H(S) = V(97 V() . Assume that all operational amplifiers are
ideal.

The transfer function can be derived into several partial transfer functions
(see Figure 3.1).
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— Wy
| B4 ||02
Ry el 5 I
V. 3
in —\\/\/~ Ry
Vv, ;WW -
— y Vout
Figure 3.1 A Tow-Thomas biquad.
Voul® = CzR V() (3.1
R4
V(s = —R—SVX(S) (3.2)
V. (s) = —LV (s)—LV (s (3.3)
X Ri(1+sR,C,) M Rg(1+sR,Cy) ©U

Substituting Eq. (3.2) and Eq. (3.3) into Eq. (3.1) yields

) RO R,
VOU[(S) - SCZRSRS%]-(:L_'_SRZC )

RZ
Re(17 SR,Cy) out(s)D

Vin(S)

which is reformulated to

0 1 Ry Ry O 1 Ry Ry
V(90 + 2 0= 2 V. (9
ot 5T SCRIRyRe(1+ SR,C) | SCRgRgRy(1+ SR,Cp) 11
1 Ry Ry
Voul® _ SGReRRIFSRC) R, R,Rq )
SC,ReR;R5(1 + SR,Cy)
Ry R4Rs

RiR,R, + SC,RyR:R; +52C, C,R,R3R: Ry,

b) Consider only the second stage, consisting of resistors Ry and R, and
and the operational amplifier. The transfer function from V, to V can
be expressed as

V(9 _ A(9

9 =7 0@ " O1raeAn

(3.4)

where A(9 is the gain of the operational amplifier. Determine expressions
for K(s) and B(s).

The overall transfer function of the second stage including the non ideal
amplifier must first be computed.
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The characteristics of the amplifier is as follows
vy = A(S)(Vp—Vn) = -A(9V, (3.5)
where V| is the voltage at the negative input terminal of the operational

amplifier. Further, the rest of the circuit can be expressed by a single nodal
equation at V|, according to

(Vi =V, G5+ (Vy—Vn)G4 =0 (3.6)
Combining these equations results in
_ 1

Solving for Vy gives

and
TR S oSN A(9
vV, G+ G, +A(9G, G3+G41+ G, A
G3+G,
(3.9)

¢) The operational amplifier is implemented as a twostage amplifier and a
model for its gain is

A
AS = - 0 = (3.10)
%L_Hl _B'ZD

where |p1| « |p2| . Use this model to derive approximate expressions for the
unity-gain frequency of the loop gain, B(S)A(9, for the second stage in
Figure 3.1.

The unity-gain frequency for a feedback system can be expressed as
: Gy
W, = |Aop amp (bpop amp iB(qu)| = AOplG3 + G4 3.11)

4. Switched-capacitor circuit analysis
A switched capacitor circuit in clock phase 1, i.e., time t, t + 27 ,t + 41, etc.
is shown in Figure 4.1. Assume that the input signals are constant between
clock phase 1 and 2, i.e., V() = V(t+1) and V,(t) = V,(t+T1).
a) Express the output voltage, V (2), as a function of the input voltages,
V,(2) and V,(2) for clock phase 1 of the switched capacitor circuit shown
in Figure 4.1. Assume that the operational amplifier is ideal.

Starting by assigning positive charge at the left plate of capacitor C;, C,,
and C4 and to the right of C,.

The next step is to express the charge at the capacitors.

9 (15)
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At time ¢

qq(t) = CV4(1), ax(t) = CoVu(1), as(t) = 0, gut) = C4Vy, (D

time t+1

gt +1) = C{V,(t+1), gy(t+1) = CV4(t+1), ga(t+1) = CiVy(t+1) ,
Qut+17) = CyVy,{t+7)

and at time t + 271

qq(t+21) = C V4 (t+21), gyt +21) = C,V,(t+21), g5t +21) = 0,
Oyt +21) = C,4V, (t+217)

The charge conservation equations are
q,() +qut) = gyt +1) + gt +71) (4.1)
Ot +T) + Ot +T) +Out+71) =
Oo(t + 21) + gt + 21) + q,(t + 27) (4.2)
The Eq. (4.1) results in
CiV () +CyVy ) = CV,(t+1) +C VLt +T) (4.3)
Furthermore, Eq. (4.2) results in
CoV (t+1)+CV(t+ 1) +CyV L+ 1) =
= CoV,(t+21) +C, V(L +21) (4.4)
Solving the system of equations given by Eq. (4.3) and Eq. (4.4) results in
= CoV,(t+21) + C, V(L +21) (4.5)

Further, from the assignment we know that V,(t) = V,(t+71) and
V,(t) = V,(t +1). This gives the following equation

(Cy+Cy+ Ca)V4(t) —CqVo(t) —CoVpft + 2T) = Co(Vgy {t +27) =V, (1))
(4.6)

Performing a Z-transformation on this equation gives the results
C4V0ut(z)[z— 1] = V,(9[C;+C,+C3] =V,(9[Cyz+ C;]  (4.7)
Hence, the output quantity can be expressed as

OUt(Z) - C_4 Z—l

(4.8)

b) Is the circuit insensitive to capacitive parasitics? Motivate your answer
carefully.

The parasitics of interest are shown in Figure 4.1.

Cpas Cpb,Cpc,Cpr do not alter the transfer function since they are always
connected to the ideal input source.

C,4,Cp; are connected between ground and virtual ground or ground and
ground and thereby do not change the transfer function.

10 (15)
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Cpc de C4
[Tl L= |
Vs, - - Cor

V1 _“—H_“lcpb |”_”‘

C Cp i icpj -/L B | Vout
pa AN 1
|”_H‘ , o + ; Cpg

Cs p—

Com Cpi 1 e,
C T H T

Figure 4.1 The SC circuit with capacitive parasitics due to the capacitor and the

switches.
Cpes Cphns Cpis Cppy, are shorted between ground and ground and thereby do

not change the transfer function.

C,ris connected between ground and virtual ground and thereby does not
change the transfer function.

C,g Connected between ground and the output node of the OP amp which
can generate and sink as much charge as required. No effect on the transfer
function.

C,; Connected between ground and ground or ground and the ideal input
voltage source. No effect on the transfer function.

Hence, the circuit is insensitive to capacitive parasitics, when the transfer
function is of concern.

c) Express the output voltage, V, (2), as a function of the input voltages,
V(2 and V,(2) for clock phase 1 of the switched capacitor circuit shown
in Figure 4.1. Assume that the OTA suffers from an offset voltage, V.

The next step is to express the charge at the capacitors.

At time ¢

q,(t) = CV4(1), ax(t) = Co(V,(H) =V, az(t) = C5(0-V9),

As(t) = Co(Voud — Voo

time t + T

Gut+T) = Cy(Volt+T) =V, Gyt +T) = CoVy(t+1),

Oyt +1) = CaV (t+ 1), gyt + 1) = Cy(Vy{t+1) =V

and at time t + 21
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qq(t+21) = C V4(t+21), gyt +21) = Cy(V,(t+21) -V,
Os(t +21) = C5(0-V,o), dut +21) = Cyu(Vy,(t+21) =V,
The charge conservation equations are

A1) +aut) = gt +1) +q,t+1) (4.9)

Gt +T) + g3t + 1) +qu(t+7) =
do(t + 21) + gt + 21) + g, (t + 27) (4.10)

The Eq. (4.1) results in

CV4(0) + Cp(Voud = Voo =
= CL(Vyt+T) =V ) + Cy(Vy yft + 1) =V, ) (4.11)

Furthermore, Eq. (4.2) results in
CoV(t+1)+CV (t+ 1) +Cyp (V{1 + D =V =
= C(Vy(t+21) =V, + C3(0-V,9) + C,(Vy,(t +2T) =V )
(4.12)
Solving the system of equations given by Eq. (4.11) and Eq. (4.12) results in
CoV (t+1) + CaV (t+ 1) +C V(1) + Cu(Vy () =V —C(Vo(t+T) =V ) =

= Co(Voft +21) =V + Co(0 =V + Co(Vo t + 20 =V )
(4.13)

Further, from the assignment we know that V() = V,(t+1) and
V,(t) = V,(t +1). This gives the following equation

(CL+Cy+Co)V (1) —CyV (1) + (-C,V,(t + 21)) +V (C; +C, +Cy) =
Ca(Voudt +21) =V, (1) (4.14)
Performing a Z-transformation on this equation gives the results
CaV,,@A[z-1] = V,(I[Cy +Cy+ C5] =V,(9[Cyz+ ] +
+V {2[C, +C,+Cy] (4.15)
Hence, the output quantity can be expressed as

V1(9[Cy +Cy+C5] =V ,(9[Cyrz+ Cj] .
Cy(z-1)

Vould =

N Vod[Cy +Cy + G

C,z-1) (4.16)

5. A mixture of questions
a) Compute the power supply rejection ratio from the positive power supply
for the circuit shown in Figure 5.1.

The power supply rejection ratio is the ratio between the transfer function
from the input to the output divided by the transfer function from the power
supply to the output.
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Vaa
8m2(Vaa—Vin) 8ds2
Vout
8m1Vin 8ds1 —T1— CL

Figure 5.1 The small-signal model of a CMOS inverter.

The transfer function from the input to the output can be computed by
applying nodal analysis in the output node (where V 4 = 0 in Figure 5.1)

Im1Vin * 9m2Vin * (9gs1 * 9gs2 + SC Vo = O (5.1)
This results in the transfer function

Vout — gml + gm2
Vin 9gs1 + 9as2 + SC

The transfer function from the power supply voltage to the output is (where
V., = 0 shown in Figure 5.1)

ngVdd + (Vdd _Vout)gdsz + (O_Vout)(gdsl + SCL) =0 (5.3)

(5.2)

which results in

Vout — Im2 * Yy (5.4)
Vad  Y9dst T 9ae2 T SCL
Hence, the power supply rejection ration is
Im1 + Im2
PSRR = Vout/vin — 9ds1 " Yas2 * SCL - Im1t Im2 (5.5)
Vout'Vad Im2 * us2 Im2 * as2

Jas1 * Ja2 +SC

b) Why do we usually design a common-source amplifier so that the
transistors operate in the saturation region?

A common-source amplifier usually has high DC gain this is possible to
obtain if all transistors are biased in the saturation region. Further, high

unity-gain frequency is also only possible if saturated transistors are used.

¢) The amplifier stages shown in Figure 5.2 have positive gain. For each
gain stage, determine which terminal, i.e., V; or V,, that is the positive
input.

Amplifier stage a) a differential gain stage with nmos transistors as input

transistors. Increasing the voltage at terminal V, will increase the current

through the left branch. Hence, the voltage at the diode connection will

decrease. This will cause output voltage to increase. Thus, the terminal V,
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is the positive input terminal.

Amplifier stage b) a differential gain stage with pmos transistors as input
devices. Increasing V; will decrease the current through the left branch.
Thus, the voltage at the diode connection will decrease. This results in an
increase at the output voltage. Hence, V; is the positive input terminal

Amplifier stage c) a twostage amplifier with nmos transistors as input
devices. From a) we know that the output voltage of the differential gain
stage increases if V; increases. This causes the output voltage of the whole
amplifier to decrease. Hence, the positive input terminal is V.

d) Typically, when designing analog circuits, a bias network is designed to
bias all transistors into their desired operation region. A simple biasing
network for both NMOS and PMOS current sources are shown in
Figure 5.3. Determine the possible interval of the biasing current for
which all transistors in the circuit are saturated. Assume that
transistors M; and My, are equally large and neglect the channel-length
modulation.

Diode connected transistors have only two possible operation regions

namely saturation and cut-off. The transistor M; will always be saturated

since it is driven by an ideal current source which can set the voltage at the
drain of M; to an arbitrarily value.

When the channel-length modulation is neglected and both M; and My, are

saturated the current through My equals M; which is equal to I;,.. It also

means that

| ...
_ 2 _ bias
Iias = 93(Vhias 27 V73)“ U Vpiag 2 = /—0‘—3- *Vr3 (5.6)

and

I
= 2 - bias
Mias = @1(Vpp ~Viias 17 V1,10 Viias 1= Vop ~ /_0‘1 ~V11
(5.7)

In order to ensure that all transistors are operating in the saturation
region, transistor M2 must be saturated, i.e.,

0<Vsg2=V12<Vsp sar2d 0<Vpp—=Vpiag 1= V12 <Vpp —Vpiag 25

—Vbb < Vhias 17 V12 <Vpias 25 Vob > Vbiag 11 V12> Vhiag 28

I I
bias bias
Voo >Vpp— /G——VT1+VT2> /G— +Voig (5.8)
1 3

The first inequality gives that

W
0> [Dias (5.9)
a,

since V1, = Vq,, which always is satisfied. The second inequality can be
reformulated to
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[P

I - V1,0
blas blas DD T3
Vop~Vr3”> /O(3 / U Tpias< B—lg (5.10)

oy Jag”

Transistor M3 will be saturated for all biasing currents. Hence Eq. (5.10)
must be satisfied to ensure that all transistors are saturated.
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